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ABSTRACT 
THE EFFECT OF ELASTIC BOUNDARY CONDITIONS ON THE 
DYNAMIC RESPONSE O:F RECTANGULAH PLATES 
T e r r y  K .  B r e w e r  
O l d  Dominion U n i v e r s i t y  
Director: D r .  Chuh M e i  
N a t u r a l  f r e q u e n c i e s  a n d  f o r c e d  s t e a d y - s t a t e  h a r m o n i c  
r e s p o n s e  f o r  t h e  v i b r a t i o n  of u n i f o r m  r e c t a n g u l a r  p la tes  w i t h  
e d g e s  e l a s t i c a l l y  r e s t r a i n e d  a g a i n s t  r o t a t i o n  a n d  t r a n s v e r s e  
t r a n s l a t i o n  are a d d r e s s e d .  A s i n g l e  mode H a y l e i g h - R i t z  
s o l u t i o n  i s  d e r i v e d  u s i n g  f u n c t i o n s  t h a t  describe t h e  normal  
inodes of v i b r a t i o n  o f  a beam whose e n d s  a r e  e l a s t i c a l l y  
r e s t r a i n e d .  The f i n i t e  e l e m e n t  s o l u t i o n  i s  o b t a i n e d  f o r  
c o m p a r i s o n .  MACSYMA s y m b o l i c  m a n i p u l a t i o n  s y s t e m  i s  imple- 
mented a s  a n  a i d  tlo t h e  m a t h e m a t i c a l  r igor  of t h e  R i t z  
a p p r o a c h  a n d  NASTRAN f i n i t e  e l e m e n t  code i s  u s e d  t o  model 
t h e  m e c h a n i c a l  s y s t e m .  Compar isons  are made t o  p u b l i s h e d  
r e s u l t s  a n d  t h e  s o l u t i o n s  o f  t h i s  s t u d y  are  found  t o  g i v e  
lower f r e q u e n c i e s  for some v a l u e s  o f  boundary  r e s t r a i n t .  
S t e a d y - s t a t e  ha rmon ic  a m p l i t u d e s  o f  d i s p l a c e m e n t  a n d  acceler- 
a t i o n  are  f o u n d  t o  a g r e e  f a v o r a b l y  f o r  t h e  t w o  s o l u t i o n s .  
Low p r e d i c t i o n s  o f  s t e a d y - s t a t e  s t r a i n  f rom NASTRAIJ r e s u l t  
i n  some cases when compared t:o t h e  H i t z  v a l u e s .  F i n a l l y ,  a 
s u b j e c t i v e  a s s e s s m e n t  i s  made a b o u t  t h e  merit of u s i n g  
MACSYMA and NASTRAIV. 
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CHAPTER 1 
I n t r o d u c t i o n  
R e s e a r c h  s t u d i e s  cf p l a t e  v i b r a t i a n s  u n d e r  v a r i o u s  
l o a d i n g s ,  p l a t e  g e o m e t r i e s  a n d  p a c e 1  t y p e s  h a v e  r e c e i v e d  
w i d e  a t t e n t i o n  s i n c e  t h e  1 9 5 0 ' s  d u e  m a i n l y  t o  t h e  a p p l i -  
c a t i o n s  of t h e s e  s t u d i e s  t o  t h e  f a t i g u e  f a i l u r e s  o f  a i r -  
c r a f t  s t r u c t u r e s .  U n t i l  r e c e n t l y ,  d e s i g n  of  t h e  s t r u c t u r e s  
h a s  been  l a r g e l v  based or: e m p i r i c a l  nomograFhs (1-3) b u t  a s  
new m a t e r i a l s  ( i n c l u d i n g  c o m p o s i t e s  a n d  h i g h  t e m p e r a t s r e  
m a t e r i a l s )  g a i n  w i d e r  a p p l i c a t i c n s  t o  a e r c E p a c e  v e h i c l e s ,  
t h e  d e v e l o p m e n t  o f  d e s i g n  c h a r t s  i s  e c o n o m i c a l l y  l i m i t e d .  
C u r r e n t l y ,  tnese new m a t e r i a : l s  are  g e n e r a l l y  r e s e r v e d  f o r  
" l o w  r i s k "  a p p l i c a t i o n s .  As a r e s u l t ,  t h e r e  i s  a need  t o  
produce and improve analytical procedures to accurately 
p r e d i c t  p a n e l  r e s p o n s e :  
S i n c e  t h e  p r e d i c t e d  a n d  measu red  b e n d i n g  s t r a i n  o f  
c o n v e n t i o n a l  a luminum r e c t a n g u l a r  p a n e l s  c a n  t y p i c a l l y  
d i f f e r  by a f a c t o r  of t w o  or more, s t u d i e s  h a v e  been  made 
t o  assess t h e  a c c u r a c y  of classical  l i n e a r  small d e f l e c t i c n  
p l a t e  t h e o r y .  R O U S S O S ,  Heitman a n d  R u c k e r  ( 4 )  e n c o u n t e r e d  a n  
e v e n  g r e a t e r  d i s c r e p a n c y  i n  1986 a s  p r e d i c t e d  s t r a i n  v a l u e s  
w e r e  a p p r o x i m a t e l y  three t i m e s  h i g h e r  t h a n  t h o s e  measu red .  
A l though  t h e s e  r e s u l t s  may be " s a f e "  f r o m  a d e s i g n  s t a n d p o i n t ,  
. .  
. .  . .  . . .  , . .  .~ .. . 
Brewer 2 
the optimization of design is sacrificed. This large bias 
error prompted the investigation of the effect of boundary 
conditions on the response of rectangular plates (5). In part- 
icular, the interest was focused on edges that are restrained 
c 
by both rotational and translational boundary springs.' 
Previous experimentation was conducted on four panel 
types includinq isotropic (aluminum), orthotropic and two 
anisotropic plates. The mounting of the boundaries was done 
utilizing a rubber gasket scheme on both sides of the panels 
with double gasket thickness on the load source side. The 
load source delivered an acoustic excitation at levels of 
80 to 120 dB. These low levels of normally incident plane 
waves were used to apply a uniform spatial load at constant I 
temperature. The horn speaker produced low frequency ( 6 0  to 
2000 HZ.) noise as the sound field was mapped and the pressure 
spectrum was analyzed. The panels were measured for fundamental 
resonance frequencies and critical damping ratio. However, 
the edge restraint values were not experimentally determined 
but were considered uniform on each edge by virtue of the 
rubber gaskets. 
T h e  analytical models employed for comparison of measured 
acceleration and strain response displayed only rotational 
boundary restraints with edges rigidly supported in the tran- 
sverse direction. The accompanying analysis was performed by a 
Rayleigh-Hitz frequency response formulation and a supplemental 
response calculation was done on the isotropic panel-by a 
finite element method. The boundary values used were 
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d e t e r m i n e d  by  r e q u i r i n g  good f u n d a m e n t a l  f r e q u e n c y  p r e d i c t i o n  
. 
a n d  close a g r e e m e n t  t o  r a t i o s  of x a n d  y s t r a i n  measu remen t s .  
The  measu red  a c c e l e r a t i o n s  c l . o s e l y  ma tched  t h o s e  p r e d i c t e d  e 
U n f o r t u n a t e l y ,  t h e  measured a n d  p red ic t ed  s t r a i n  r e s p o n s e  
d i f f e r e d  b y  t h e  a f o r e m e n t i o n e d  b i a s  fo r  a l l  p a n e l s  tested. 
I n  a search for  c a u s e s ,  t h e  f i n i t e  e l e m e n t  model was e x t e n d e d  
t o  i n c l u d e  t h e  e l a s t i c  t r a n s v e r s e  b o u n d a r y  c o n d i t i o n s .  I n  t h e  
c o m p a r i s o n  t o  measu remen t s ,  t h e  r e l a x a t i o n  o f  t r a n s v e r s e  e d g e  
m o t i o n  accompanying  r o t a t i o n a l  edge e l a s t i c i t y  c o u l d  n o t  
a c c o u n t  f o r  s u c h  a l a r g e  b i a s .  F a u l t  f o r  t h e  d i s c r e p a n c y  w a s  
t e n t a t i v e l y  placed o n  t h e  s t r a i n  gages c h o s e n  f o r  t e s t i n g .  
To  d a t e ,  most o f  t n e  a n a l y s i s  o f  e l a s t i c a l l y  r e s t r a i n e d  
p l a t e s  h a s  b e e n  d o n e  u s i n g  t h e  H a y l e i g h - R i t z  e n e r g y  form- 
u l a t i o n  a l t h o u g h  t h e  G a l e r k i n  method a n d  n u m e r i c a l  t e c h n i q u e s  
h a v e  b e e n  u t i l i z e d  ( 6 , 7 ) .  I n  t h e  R a y l e i g n - R i t z  a p p r o a c h ,  t h e  
maximum s t r a i n  e n e r g y  is e q u a t e d  t o  t h e  maximum k i n e t i c  
e n e r g y  o f  t h e  p l a t e  and  by a s suming  a f i n i t e  l i n e a r  series o f  
d i s p l a c e m e n t  f u n c t i o n s  t h a t  s a t i s f y  t h e  geometric boundary  
c o n d i t i o n s  , t h e  n a t u r a l  f r e q u e n c i e s ,  mode s h a p e s  a n d  
c o n s e q u e n t l y ,  t h e  o v e r a l l  r e s p o n s e  may t h e n  be s o l v e d  f o r .  
Much of t h i s  Work h a s  been  p r e s e n t e d  u s i n g  p o l y n o m i a l s  a s  t h e  
a s s u m e a  d i s p l a c e m e n t  f u n c t i o n s  s i n c e  t h e  r e s u l t i n g  c a l c u l a t i o n s  
a n d  c o m p u t a t i o n s  a r e  made s i m p l e r .  T h i s  a p p r o a c h  h a s  b e e n  
shown t o  be a d e q u a t e  t o  o b t a i n  n a t u r a l  f r e q u e n c i e s  a n d  mode 
s h a p e s  fo r  lower modes of v i b r a t i o n  ( 8 ) .  I t  i s  a l s o  advan-  
t a g e o u s  when t h e  s t u d y  i n c l u d e s  n o n r e c t a n g u l a r  p l a t e s ,  non- 
u n i f o r m  t h i c k n e s s  and  p l a t e s  w i t h  geometric d i s c o n t i n u i t y  
I 
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b e c a u s e  of t h e  s i m p l i c i t y  of t h e  assumed p o l y n o m i a l  f u n c t i o n a l  
r e l a t i o n  (9 ,101 .  
S i n c e  t h e  a c c u r a c y  of t h e  H a y l e i g h - R i t z  a p p r o x i m a t i o n  
d e p e n d s ,  t o  a large e x t e n t ,  o n  t h e  " c l o s e n e s s "  o f  t h e  a s sumed  
d i s p l a c e m e n t  f u n c t i o n s  t o  t h e  t r u e  mode s h a p e ,  many a n a l y s t s  
f e e l  t h e  u s e  o f  c h a r a c t e r i s t i c  modes o f  beam v i b r a t i o n  i n  the 
method i s  a b e t t e r  c h o i c e .  The u n d e r l y i n g  a s s u m p t i o n  i s  t h a t  
i n  a g i v e n  c o o r d i n a t e  d i r e c t i o n ,  a s l i m  s t r i p  o f  t h e  p l a t e  
w i l l  a p p r o x i m a t e  t h e  b e h a v i o r  of a v i b r a t i n g  beam. The p l a t e  
i s  t h e n  modeled a s  a c o n t i n u o u s  c o l l e c t i o n  of beams i n  t w o  
d i r e c t i o n s .  T h i s  choice of f u n c t i o n s  h a s  been  d e m o n s t r a t e d  
t o  g i v e  g r e a t e r  a c c u r a c y  e s p e c i a l l y  f o r  t h e  n a t u r a l  f r e q u e n c i e s  
of h i g h e r  modes a n d  i n  t h e  case o f  mixed c lass ica l  b o u n d a r y  
c o n d i t i o n s  ( 1 1 ) .  Classical  b o u n d a r y  c o n d i t i o n s  a r e  t r a d i t i o n a l -  
l y  r e g a r d e d  as  c l a m p e d ,  s i m p l y  s u p p o r t e d  a n d  f r e e  edges a n d  c a n  
be mixed among t h e  f o u r  e d g e s  t o  y i e l d  21  c o m b i n a t i o n s .  
It s h o u l d  be n o t e d  t h a t  t h e  R a y l e i g h - R i t z  method a n d  
o the r  t e c h n i q u e s  u s e d  t o  s o l v e  p r o b l e m s  o f  r e c t a n g u l a r  p l a t e  
v i b r a t i o n s  a r e  m e r e l y  a p p r o x i m a t i o n s ,  i n  g e n e r a l .  Exact 
s o l u t i o n s  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  o f  t r a n s v e r s e  
v i b r a t i o n s  e x i s t  o n l y  f o r  t h e  cases of p a i r e d  s i m p l y  s u p p o r t e d  
p a r a l l e l  e d g e s .  Of t h e  2 1  p o s s i b l e  c o m D i n a t i o n s  o f  c lass ical  
boundary  c o n d i t i o n s ,  t h e s e  e x a c t  s o l u t i o n s  c o m p r i s e  o n l y  s i x  
cases. By e x c l u d i n g  t h e  f r e e  e d g e  cases a n d  i m p o s i n g  m o u n t i n g  
c o n s t r a i n t s ,  t h e  number of c lass ica l  b o u n d a r y  e x a c t  s o l u t i o n s  
d r o p s  t o  t h r e e .  T h e s e  t h r e e  a re  t h e  cases o f  a p l a t e  w i t h  a l l  
b o u n d a r i e s  s i i np ly  s u p p o r t e d ,  t h r e e  e d g e s  s i m p l y  s u p p o r t e d  w i t h  
-. . . .. . . . . . . . ~ . . . .. ..~_ ,. . , , . .. . . .: . . _ _  - . .  
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o n e  e n d  c l amped  and  t w o  o p p o s i t e  e d g e s  s i m p l y  s u p p o r t e d  w i t h  
c lamped c o n d i t i o n s  o n  t h e  r e m a i n i n g  t w o  b o u n d a r i e s .  S i n c e ,  i n  
r e a l i t y ,  t h e r e  a r e  no p e r f c c t - l y  c lamped or s i m p l y  s u p p o r t c d  
e d g e s ,  i t  i s  r e a s o n a b l e  t o  r e s t r a i n  t h e  b o u n d a r i e s  w i t h  
c o n t i n u o u s  r o t a t i o n a l  a n d / o r  t r a n s l a t i o n a l  s p r i n g s .  The 
c lass ica l  e d g e  c o n d i t i o n s  bec:ome special cases w i t h  a p p r o p -  
r i a t e l y  a s s i g n e d  s p r i n g  c o n s t a n t s .  F o r  e x a m p l e ,  t h e  s i m p l y  
S u p p o r t e d  e d g e  i s  a c h i e v e d  by i m p o s i n g  a r o t a t i o n a l  s p r i n g  
v a l u e  of zero and a t r a n s v e r s e  f o u n d a t i o n  s p r i n g  v a l u e  o f  
i n f i n i t y .  Wi th  t h e s e  c o n s i d e r a t i o n s  i n c l u d e d ,  p r a c t i c a l  
m o u n t i n g  of a r e c t a n g u l a r  p l a t e  i s  more r e a l i s t i c a l l y  modeled. 
I n  1 9 8 3 ,  Warbur ton  and  Edney ( 1 2 )  p r e s e n t e d  t h e  R a y l e i g h -  
R i t z  metnod u t i l i z i n g  s u i t a b l e  c o m b i n a t i o n s  of  modal  function,^ 
of beams w i t h  c lass ical  boundary  c o n d i t i o n s  t o  s t u d y  e l a s t i c a l l y  
r e s t r a i n e d  p la tes .  As a n  example ,  t h e  n a t u r a l  f r e q u e n c i e s  of la 
p a n e l  w i t h  p a r a l l e l  e d g e s  r e s t r a i n e d  a g a i n s t  r o t a t i o n  are i n t e r -  
mediate b e t w e e n  tnjose of p l a t e  w i t h  o p p o s i t e  e d g e s  s i m p l y  
supported and t h o s e  w i t h  opposing edges clamped. Tne assumed 
mode shape i s  a s u m n a t i o n  of  s i m p l y  s u p p o r t e d - s i m p l y  s u p p o r t e d ,  
s i m p l y  s u p p o r t e d - c l a m p e d ,  c l amped-s imply  s u p p o r t e d  a n d  c l amped-  
c lamped cha rac t e r i s t i c  beam f u n c t i o n s  i n  t h e  a p p r o p r i a t e  
c o o r d i n a t e  d i r e c t i o n .  I n  t h i s  way, c o m b i n a t i o n s  o f  t h e  l i m i t i n g  
- 
v a l u e s  of t h e  r o t a t i o n a l  r e s t r a i n t  p a r a m e t e r s  o n  e a c h  edge 
are i n c l u d e d  i n  t h e  a n a l y s i s  a n d  t h e  c lass ical  f u n c t i o n s  c a n  
be w e i g h t e d  t o  g i v e  t h e  i n t e r m e d i a t e  v a l u e s .  By i n c o r p o r a t i n g  
t h e  f r e e  e d g e  a n d  s l i d i n g  e d g e  c o n d i t i o n s  o f  beams i n t o  tne 
p r o c e d u r e ,  t r a n s l a t i o n a l  boundary  r e s t r a i n t s  may be i n c l u d e d  
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a l s o .  T h i s  method p r o v e d  t o  g i v e  good a c c u r a c y  when compared  t o  
t h e  r e s u l t s  o f  p r e v i o u s  a u t h o r s  a n d  w a s  shown t o  be r e l a t i v e l y  
easy t o  u s e  s i n c e  t h e  i n t e g r a l s  o f  beam f u n c t i o n s  t h a t  r e s u l t  
i n  t h e  R a y l e i g h - R i t z  a p p r o a c h  a n d  t h e  c h a r a c t e r i s t i c  f r e q u e n c y  
p a r a m e t e r s  f o r  c l a s s i ca l  boundary  c o n d i t i o n s  are  w e l l  docu-  
mented .  The  u n d e r l y i n g  p u r p o s e  o f  Warbur ton  a n d  Edney w a s  t o  
g i v e  d e s i g n e r s  r a p i d  a n d  i n e x p e n s i v e  estimates of c a t u r a l  
f r e q u e n c i e s  of p r a c t i c a l  p l a t e s  w i t h  a p p l i c a t i o n s  t o  many modes 
o f  v i b r a t i o n s ,  aspect r a t i o s  a n d  edge r e s t r a i n t  p a r a m e t e r s .  
One of t h e  m e t h o d s  u s e d  f o r  c o m p a r i s o n  by Warbur ton  a n d  
Edney w a s  g i v e n  by C a r m i c h a e l  i n  1959  ( 1 3 ) .  C a r m i c h a e l  a l s o  
u s e d  t h e  H a y l e i g h - R i t z  p r o c e d u r e .  The  a n a l y s i s  t reated p l a t e s  
w i t h  r o t a t i o n a l  e d g e  r e s t r a i n t  o n l y  whereby  ah1 b o u n d a r i e s  were 
c o n s i d e r e d  r i g i d l y  r e s t r a i n e d  a g a i n s t  t r a n s l a t i o n ,  A c c o r d i n g l y ,  
Carmicnael assumed d i s p l a c e m e n t  f u n c t i o n s  t h a t  r e p r e s e n t  t h e  
normal  modes o f  v i b r a t i o n  o f  a beam whose e n d s  are e l a s t i c a l l y  
r e s t r a i n e d  a g a i n s t  r o t a t i o n  and  r i g i d  i n  t h e  t r a n s v e r s e  direc- 
t i o n .  T h i s  a p p r o a c h  n e c e s s i t a t e d  t h e  d e v e l o p m e n t  of i n t e g r a l s  
of t h e s e  e l a s t i c a l l y  s u p p o r t e d  beam f u n c t i o n s  a n d  h e  a l s o  
g e n e r a t e d  a c l o s e d  fo rm a p p r o x i m a t e  f r e q u e n c y  e x p r e s s i o n  f rom 
a s i n g l e  t e r m  s o l u t i o n .  T h i s  a p p r o x i m a t e  f r e q u e n c y  w a s  shown 
t o  b e  q u i t e  a c c u r a t e  a s  compared t o  t h e  f r e q u e n c y  f rom a 
m u l t i - t e r m  s o l u t i o n .  
P 
O t h e r  s t u d i e s  o f  e l a s t i c a l l y  r e s t r a i n e d  p l a t e  v i b r a t i o n s  
a r e  u s u a l l y  compared t o  t h o s e  m e n t i o n e d  when r e l a t i v e  m e r i t  
i s  s o u g h t .  A n a l y s t s  h a v e  g i v e n  q u i c k  me thods  f o r  n a t u r a l  f r e q -  
uency  c a l c u l a t i o n s  a n d  tables of  v a l u e s  f o r  t h e  u s e  of a 
. 
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g i v e n  a p p r o a c h .  However, there  is a lo s s  o f  g e n e r a l i t y  assoc- 
i a t e d  w i t h  some d e r i v a t i o n s  a s  t h e  a u t h o r s  res t r ic t  t h e m s e l v e s  
t.0 a s p c c i f i c  p rob lem w i t h  s i m p l i f i e d  a s s u m p t i o n s .  F o r  
example, o n l y  r e c e n t l y  h a s  a t t e n t i o n  b e e n  g i v e n  t o  t h e  case 
of e d g e s  p o s s e s s i n g  t w o  d i s t i n c t  t y p e s  o f  boundary  s p r i n g s .  
P r io r  t o  t h i s ,  a p r e s e n t a t i o n  m i g h t  t rea t  problems e x h i b i t i n q  
o n l y  s y m m e t r i c  r o t a t i o n a l  boundary  s p r i n g s  a n d / o r  s q u a r e  
p l a t e  g e o m e t r i e s .  :In o r d e r  t o  f u r t h e r  t h e s e  methods t o  a 
l a r g e r  c lass  of p r o b l e m s ,  it becomes n e c e s s a r y  t o  " rework"  
t h e  e n t i r e  problem. Tnus ,  the a p p l i c a t i o n  of  a n  a p p r o a c h  
c a n  be l o n g  a n d  a r d u o u s .  
Ano the r  d i f f i c u l t y  assoc ia ted  w i t h  t h e  i m p l e m e n t a t i o n  
of a n  a n a l y t i c  t e c h n i q u e  i s  t h e  b r e v i t y  of p u b l i s h e d  treatise. .  
O f t e n ,  t h e  a n s w e r s  s o u g h t  a n d  p r e s e n t e d  a re  lirnited t o  t h e  
e x t r a c t i o n  o f  n a t u r a 1  f r e q u e n c i e s  a n d  mode s h a p e s  related t o  
f r e e  v i b r a t i o n  o f  t h e  p l a t e  so t h a t  examples o f  n u m e r i c a l  
r esu l t s  of d i s p l a c e m e n t s ,  a c c e l e r a t i o n s  a n d  s t r a i n s  a r e  n o t  
i m p l i e d  o r  referred. to. A s  a r e s u l t ,  t h e  e n g i n e e r  using the 
t e c h n i q u e  t o  p r e d i c t  f o r c e d  r e s p o n s e  mus t  f i n i s h  t h e  problem. 
T h i s  i s  n o t  a l w a y s  s imple  i f  f u n c t i o n a l  e x p r e s s i o n s  f o r  
n u m e r i c a l  c a l c u l a t i o n s  a r e  d e s i r e d .  The mathematical  manipu-  
l a t i o n  r e q u i r e d  t o  o b t a i n  a c o m p l e t e d  s o l i l t i o n  c a n  be algeb- 
r a i c a l l y  d i f f i c u l t  and s e e m i n g l y  impossible.  U s u a l l y ,  a n  
a s s e s s m e n t  is made t o  decide .if t h e  e x t r a  a n a l y s i s  i s  p r a c t i c a l  
i n  b o t h  t i m e  a n d  e x p e n s e  of t h e  work.  I f  t h e  l abor  is p u r s u e d ,  
i t  becomes n e c e s s a r y  t o  e v a l u a t e  t h e  r e s u l t s  by c o m p a r i s o n  t o  
r e a l  p rob lems .  
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The comparisons made by many authors is a third pertinent 
topic. Quite often, the evaluation of an operational algorithm 
i s  limited to c7 comparison with a procedure that is similar in 
derivation. intuitively, the two approaches yield similar 
results. The studies are not usually compared to dissimilar 
formulations of the same problem. Since prediction of 
structural behavior is the ultimate goal of these studies, 
comparisons are required to different solutions and to 
neasured response from experimentation. 
In order to adequately address the topics of elastically 
restrained rectangular plate vibrations, the present treatise 
again utilizes the Hayleigh-Ritz method. However, the 
assumed displacement functions are given by tne normal modes 
of beams whose ends are unsymmetrically restrained against 
rotation ana translation. This is an extension of Carmichael’s 
approach ana necessitates the derivation of the beam solution 
and the generation of the resulting beam integrals. In this 
way, unlimited combinations of distinct rotational and linear 
spring parameters can be included. Variation of aspect 
ratio can also be considered, 
Because of the complexities in the mathematical 
rigor associated with this type of solution, a symbolic 
manipulation program is used as an aid in the analytic 
derivation. The program chosen is,MACSYMA since it is very 
comprehensive in it’s mathematical capabilities and it is 
well docurnented. The differentiation and integration required 
~ 
i are effectively executed a s  program commands. The evaluation 
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of boundary  c , o n d i t i o r i s  and  s i m u l t a n e o u s  e q u a t i o n  a l y o r i t h m s  
arc a v a i l a b l e  t o  t h e  u s e r .  I t  i s  p o s s i b l e  t o  g e n e r a t e  a n  
a n a l y t i c  s o l u t i o n  and  t o  program n u m e r i c a l  p r o c e d u r e s  of 
p rob lems  i n  r e c t a n g u l a r  p l a t e  v i b r a t i o n s  c o m p l e t e l y  o n  t h e  
compute r .  T h i s  h a s  g r e a t  p o t e n t i a l  when compared t o  "hand- 
c r a n k i n g "  a n  a n a l y t i c a l  d e r i v a t i o n .  
The c o m p a r i s o n s  o f  s o l u t i o n s  i n c l u d e s  r e s u l t s  f rom 
p r e v i o u s  a u t h o r s  where  a p p l i c a b l e  a s  w e l l  as  t h e  c o m p a r i s o n  
t o  a f i n i t e  e l e m e n t  f o r m u l a t i o n .  The w e l l  Known f i n i t e  
e l e m e n t  c o d e ,  NASTRAN,, i s  u t i l i z e d .  The  c h o i c e  o f  NASTRAN 
was a l s o  based on  a v a i - l a b i l i t y  a n d  c o m p r e h e n s i v e  c a p a b i l i t i e s .  
T n e s e  c o m p a r i s o n s  allow t h e  a s s e s s m e n t s  of a c c u r a c y  o f  
s o l u t i o n s  a n d  n u m e r i c a l  r e s u l t s .  T h i s  e v a l u a t i o n  a l s o  g ives  
a n  e s t i m a t i o n  t o  t h e  r e l a t i v e  c o n t r i b u t i o n  v a l u e  of 
a v a i l a b l e  e n g i n e e r i n g  and  m a t h e m a t i c a l  c o m p u t e r  s o f t w a r e .  
More s p e c i f i c a l l y , t h e  purposse of t h i s  t h e s i s  i s  t o  s t u d y  
t h e  e f f e c t  o f  e l a s t i c  boundary  c o n d i t i o n s  o n  t h e  dynamic  
displacement and strain frequency response of rectangular 
u n i f o r m  p l a t e s .  The l o a d i n g  i s  assumed t o  h a v e  a d e t e r m i n i s t i c  
f r e q u e n c y  s p e c t r u m  t h a t  c a n  be  r e p r e s e n t e d  by a f i n i t e  
ser ies  of ha rmon ic  i n p u t s .  The l o a d i n g  a m p l i t u d e  i s  assumed 
u n i f o r m  o v e r  t h e  p l a t e  s u r f a c e .  The  d i r e c t i o n  is t o  normal  
i n c i d e n c e .  P a r a m e t e r  s t u d i e s  a re  made f o r  p la tes  a t  several 
aspec t  r a t i o s  f o r  p r e d i c t e d  n a t u r a l  f r e q u e n c i e s  v e r s u s  e las t ic  
r e s t r a i n t  v a l u e s .  S t u d i e s  i n c l u d e  t r e n d  a n a l y s e s  f o r  s t e a d y -  
s t a t e  d i s p l a c e m e n t  and s t r a i n  r e s p o n s e .  
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T w o  methods  a re  u s e d  t o  c o n d u c t  t h e s e  s t u d i e s .  They a re  
t h e  H a y l e i g h - R i t z  method and t h e  f i n i t e  e l e m e n t  mctnod.  
Compar i sons  are  made t o  p r e v i o u s  accepted r e s u l t s  t o  v e r i f y  
t h e  t w o  m e t h o d s  a s  s o l u t i o n  t e c h n i q u e s .  The  R a y l e i g h - R i t z  
a p p r o a c h  i s  a ided  by MACSYMA s y m b o l i c  m a n i p u l a t i o n  program. 
NASTRAN f i n i t e  e l e m e n t  code i s  u t i l i z e d .  A s u b j e c t i v e  assess- 
ment i s  made of t h e  r e l a t i v e  c o n t r i b u t i o n  of MACSYMA a n d  
NASTRAN a s  c o m p u t a t i o n a l  a i d s .  
The  c o n t r i b u t i o n s  of t h i s  t h e s i s  i n c l u d e  t h e  u s e  of 
c 
beam f u n c t i o n s  r e p r e s e n t a t i v e  of t h e  e l a s t i c  b o u n d a r y  con-  
ditions in the Rayleigh-Ritz approach a n d  t h e  e x t e n s i o n  of 
t h e  method t o  p r e d i c t  m e a s u r a b l e  r e s p o n s e .  
C l a s s i c a l  l i n e a r  small  d e f l e c t i o n  p l a t e  t h e o r y  i s  
assume6 t h r o u g h o u t  t h e  a n a l y s i s .  
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CHAPTER 2 
Ray1 e i g h - R i  t z  Energy  Formu la  t i o n  
T h e o r e t i c a l  Basis 
I n  1877 ,  Lord H a y l e i g n  u s e d  t h e  p r i n c i p l e  o f  c o n s e r v a t i o n  
of e n e r g y  t o  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  f u n d a m e n t a l  n a t u r a l  
f r e q u e n c y  of a n  undamped l i n e a r  s t r u c t u r e  u n d e r  f r e e  v ib-  
r a t i o n  ( 1 4 ) .  H e  a r g u e d  t h a t  a s  t h e  s t r u c t u r e  v ibra tes  h a r -  
m o n i c a l l y  a t  i t 's  n a t u r a l  f r e q u e n c y ,  t h e  p o t e n t i a l  e n e r g y  
g i v e n  when v i b r a t i o n  i o  a t  maximum a m p l i t u a e s  i s  e x c h a n g e d  f o r  
t h e  e n e r g y  of a p u r e l y  k i n e t i c  s t . a t e  when a m p l i t u d e s  are  zero. 
The maximum p o t e n t i a l  e n e r g y  of b e n d i n g ,  V,a,,b, o f  a p l a t e  
is d e t e r m i n e d  by t h e  s t r a i n  e n e r g y  stored i n  t h e  p l a t e .  I t  
should be n o t e d ,  however ,  t h a t  V m a x , b  f r o m  p l a t e  b e n d i n g  is  
not necessarily equal to t h e  total m a x i m u m  potential energy, 
V m a x ,  s i n c e  a d d i t i o n a l  terms i n  V, may r e s u l t  f rom o the r  
e n e r g y  s torage  sources s u c h  a s  b o u n d a r y  s p r i n g s ,  for e x a m p l e .  
For t h e  c a s e  of t h e  a fc l r emen t ioned  c l a s s i ca l  b o u n d a r y  con-  
- 
d i t i o n s ,  V m J x , b  - VFax 
~ The maximum k i n e t i c  e n e r g y ,  T, , is t a k e n  w h i l e  t h e  
p l a t e  v i b r a t e s  a t  i t ' s  n a t u r a l  f r e q u e n c y  and t h e  f u n d a m e n t a l  
f r e q u e n c y  c a n  b e  c a l c u l a t e d  by m i n i m i z i n g  t h e  f o l l o w i n g  
q u a t  i o n ,  
Tmax - ",ax = s t a t i o n a r y  v a l u e  
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I d e a l l y ,  t h e  e x p r e s s i o n  g i v e n  i n  e q u a t i o n  ( 1 )  i s  i d e n t i c a l l y  
zero.  However, t h i s  o n l y  o c c u r s  when t n e  t r u e  mode a i s p l a c e -  
m e n t  f u n c t i o n  i s  u s e d  t o  d e t e r m i n e  VmaX a n d  TI,,,,. S i n c e  
e x a c t  s o l u t i o n s  t o  r e c t a n g u l a r  p l a t e  v i b r a t i o n s  are  n o t  
known, i n  g e n e r a l ,  e q u a t i o n  ( 1 )  is m i n i m i z e d  w i t h  re'spect 
t o  t h e  a s s u m e d  d i s p l a c e m e n t  f u n c t i o n s .  T h i s  r e d u c e s  t h e  
r e s u l t i n g  n o n z e r o  error t o  a min ima l  s t a t i o n a r y  v a l u e .  I f  
t h e  assumed d i s p l a c e m e n t  f u n c t i o n  s a t i s f i e s  a l l  t h e  b o u n d a r y  
c o n d i t i o n s ,  t h e  c a l c u l a t e d  n a t u r a l  f r e q u e n c y  o b t a i n e d  h a s  
been  shown t o  be a n  u p p e r  bound. T h a t  i s ,  t h e  t r u e  s t r u c t u r a l  
f r e q u e n c y  i s  lower t h a n  t h a t  c a l c u l a t e d .  The r e a s o n  for t h i s  
. is  t h a t  u s i n g  a n  assumed moae i n  t h e  p r o c e d u r e  i s  e q u i v a l e n t  
t o  a n  a d d i t i o n a l  c o n s t r a i n t  w h i c h  ra ises  t h e  p o t e n t i a l  
e n e r g y  a n a  c a l c u l a t e d  f r e q u e n c y .  The  R a y l e i g h  f o r m u l a t i o n  
f r e q u e n c y  a p p r o a c h e s  t h e  e x a c t  f rom above a s  t h e  greater ac- 
c u r a c y  c r i t e r i a  d i c t a t e s .  
For example ,  t n e  b e n d i n g  s t r a i n  o f  a u n i f o r m  r e c t a n g u l a r  
* 
p l a t e  c a n  be shown t o  be g i v e n  by, 
, a n d  - w h e r e  f o r  now it i s  assumed Vmax,b  - "ma, 
w h e r e  t h e  comma d e n o t e s  p a r t i a l  d i f f e r e n t i a t i o n  w i t h  respect 
t o  t h e  v a r i a b l e s  f o l l o w i n g  t h e  comma. 
* N o t a t i o n  c o n v e n t i o n  is g i v e n  i n  Appendix  A .  
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1 - -  
I '  
I .  
The maximum K i n e t i c  e n e r g y  i s  g i v e n  b y ,  
Irma x - P T  h a2JJ $ ( x , y )  dydx 
( 3 )  
iu t  
where  w = W ( x , y ) e  i s  t h e  a s sumed  t r a n s v e r s e  d i s p l a c e m e n t  
f u n c t i o n  o v e r  t h e  s p a t i a l  domain v i b r a t i n g  a t  t h e  f u n d a m e n t a l  
F requency ,  W e The i a e n o t e s k y .  
For t h e  i dea l  case ( s t a t i o n a r y  va lue=O)  , s u b s t i t u t i n g  
e q u a t i o n s  ( 2 )  a n d  ( 3 )  i n t o  ( 1 )  a n d  s o l v i n g  y i e l d s ,  
2 . .  ",X 
dydx 
E q u a t i o n  ( 4 )  i s  called t h e  R a y l e i g h  Q u o t i e n t .  
I n  order t o  o b t a i n  f r e q u e n c i e s  beyond t h e  f u n d a m e n t a l ,  
I i i t z  d e v e l o p e d  a n  e x t e n s i o n  of t h e  H a y l e i g h  f o r m u l a t i o n .  The 
e s t ima ted  mode f u n c t i o n  i s  assumed t o  be a f i n i t e  l i n e a r  series 
w i t h  a r b i t r a r y  c o n s t a n t  c o e f f i c i e n t s ,  Cr . The m i n i m i z a t i o n  of 
e q u a t i o n  ( 1 )  t h e n  becoines, 
d ( 'J  - T 1 = 0 , ( r = 1 , 2 , 3 ,  ... n )  
( 5 )  d cr 
E q u a t i o n  ( 5 )  results i n  n homogeneous e q u a t i o n s  t h a t  c a n  be 
s o l v e d  f o r  n-1 c o n s t a n t s  i n  t e r m s  of t h e  r e m a i n i n g  c o n s t a n t .  
When t h e  f i n i t e  series i s  t r u n c a t . e d  a t  r= l ,  e q u a t i o n  ( 5 )  
r e d u c e s  e x a c t l y  t o  e q u a t i o n  ( 4 )  f o r  t h e  d e t e r m i n a t i o n  of 
f u n d a m e n t a l  f r e q u e n c y  w h i l e  C1 is a r b i t r a r y .  The r e m a i n i n g  
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c o n s t a n t  r e p r e s e n t s  a n  a m p l i t u d e  a n d  f o r  f r e e  v i b r a t i o n  o f  
t.tit. p l a t e ,  i t  i s  d e p e n d e n t  o n  t h e  i n i t i a l  c o n d i t i o n s .  For t h e  
case o f  s t e a d y  s t a t e  ha rmon ic  f o r c e d  r e s p o n s e ,  t h e  a m p l i t u d e  
c o n s t a n t  i s  d e p e n d e n t  o n  t h e  a m p l i t u d e  a n d  f r e q u e n c y  o f  t h e  
f o r c i n q  f u n c t i o n .  When n > l ,  e q u a t i o n  (5) c a n  be w r i t t e n  i n  
m a t r i x  form a n d  e f f e c t i v e l y  becomes a n  e i g e n v a l u e  problem 
w i t h  m a s s - a n d  s t i f f n e s s  c o n t r i b u t i o n s  a r i s i n g  f r o m  t h e  
k i n e t i c  a n d  p o t e n t i a l  e n e r g i e s ,  r e s p e c t i v e l y .  The  n a t u r a l  
f r e q u e n c i e s  a re  o b t a i n e d  f rom t h e  c o n d i t i o n  t h a t  t h e  deter- 
m i n a n t  o f  t h e  s y s t e m  of e q u a t i o n s  i s  z e r o .  
C o n s i d e r a t i o n s  of Boundary  C o n d i t i o n s  
I d e a l l y ,  a l l  b o u n a a r y  c o n d i t i o n s  are  s a t i s f i e d  by  t h e  
c h o s e n  d i s p l a c e m e n t  f u n c t i o n s .  However, p r e v i o u s  me thodo logy  
( 1 4 )  h a s  shown t h a t  s u f f i c i e n t  a c c u r a c y  o f  f r e q u e n c y  p r e d i c t i o n  
c a n  be a c h i e v e d  by s a t i s f y i n g  o n l y  t h e  geometric b o u n d a r y  
c o n d i t i o n s  ( i e .  d i s p l a c e m e n t  and  s lope)  w h i l e  n e g l e c t i n g  
t h e  dynamic  o r  n a t u r a l  boundary  c o n d i t i o n s  ( l e .  shear  a n a  
moment).  T h e  a c c u r a c y  i s  d e p e n d e n t  o n  t h e  t r u e  t y p e  o f  e d g e  
c o n d i t i o n s  f o r  a case u n d e r  s t u d y .  F o r  example, t h e  clamped 
edge h a s  o n l y  g e o m e t r i c  boundary  c o n d i t i o n s ,  W(o ,y )=O a n d  
w , , ( o , y ) = O  , a n d  t h e  R a y l e i g h - R i t z  method g i v e s  q u i t e  good 
€ r c q u e n c y  r e s u l t s  w i t h  a p p r o p r i a t e l y  c h o s e n  f u n c t i o n s .  When 
t h e  e d g e s  a r e  r e s t r a i n e d  e l a s t i c a l l y ,  t h e  b o u n d a r y  c o n d i t i o n s  
c a n  he c o n s i d e r e d  n a t u r a l  o n l y .  The c h o i c e  o f  f u n c t i o n s  t h a t  
s a t i s f y  g e o m e t r i c  c o n d i t i o n s  c a n  r e s u l t  i n  loss  o f  a c c u r a c y .  
For t h e  p l a t e  shown i n  f i g u r e  (11, t h e  r o t a t i o n a l  
boundary  c o n d i t i o n s  are g i v e n  by ,  
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The t r a n s l a t i o n a l  boundary c o n d i t i o n s  of t h e  p l a t e  are 
g i v e n  by,  
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K1 W ( O , y )  = -D(W,,,,(O,y) + (2- /L, ) W  ~,yy(O,Y) 1 
(7A) 
K2 W(a,y) = D(W,,,,(a,y) + (2- )L )W,,yy(a,y)) 
(7B) 
Kj W ( X , O )  = -D(W,yyy(xtO) + (2- p ) W , y x x ( X r O ) )  
(7C) 
Kq W(x,b)  = D(WVyyy (x,b) + (2- ) W , y x x ( ~ t b )  1 
(7D) 
where Ki is the transverse edge reaction (per unit length) 
for unit displacement on the i th edge, (i=1,2,3,4), 
Equations ( 6 ) - ( 7 )  are simplified if in addition to 
uniform elastic stiffness, twisting on each edge is not 
restrained. That is, the moments about an axis parallel to 
a given edge and the vertical shear on that edge are directly 
restrained by the boundary springs. The boundary conditions 
become, 
R1 W,,(O,y) = D(K,,,(Oty)) 
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The b o u n d a r y  c o n d i t i o n s  g i v e n  b y  e q u a t i o n s  (6 ' ) - ( 7 ' ) 
a r e  assumed i n  t h i s  a n a l y s i s  and  t h e  beam f u n c t i o n s  u s e d  
a re  c h o s e n  so a s  t o  s a t i s f y  t h e s e  c o n d i t i o n s .  A l l  i n - p l a n e  
m o t i o n  a t  t h e  b o u n d a r i e s  i s  p r o h i b i t e d  s i n c e  t h e  a s s u m p t i o n  
of l i n e a r  small d e f l e c t i o n  t h e o r y  r e n d e r s  t h e s e  m o t i o n s  
n e g l i g i b l e .  T n a t  i s ,  f o r  small a m p l i t u a e  p l a t e  v i b r a t i o n s ,  t h e  
t r a n s v e r s e  b e n d i n g  a n d  t h e  i n - p l a n e  membrane o s c i l l a t i o n s  
a re  u n c o u p l e d  a n d  i n d e p e n d e n t .  Wi th  t h i s  i n  mind ,  t r a n s l -  
a t i o n a l  m o t i o n  a t  t h e  e d g e s  i s  mean t  a s  t r a n s v e r s e  m o t i o n  
o n l y .  
C h o i c e  of Assumed DispLacement  F u n c t i o n s  -- - -. - 
The g e n e r a l  fo rm o f  t h e  f i n i t e  series t o  r e p r e s e n t  
d i s p l a c e m e n t  i n  t h e  R a y l e i g h - R i t z  method f o r  h a r m o n i c  s t e a d y  
s t a t e  r e c t a n g u l a r  p l a t e  v i b r a t i o n s  i s  g i v e n  by, 
w h e r e  w ( x , y , t )  i s  assumed t o  be separable  i n  x , y  a n d  t .  The 
s p a t i a l  v a r i a t i o n ,  W(>:,y) , i s ,  
s u c h  t h a t  X m ( x )  a n d  Y n ( y )  a r e  c h o s e n  t o  s a t i s f y  t h e  
boundary  c o n d i t i o n s  w h i l e  m a n d  n are  modal i d e n t i f i c a t i o n  
.. 
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indices. The beam functions selected are given by, 
Q x  a mx xm (x) = B, sinh(’7PL) + Cm sin( a 1 + 
a mx Q mx 
D, c o s h ( 7 )  +  COS(^) 
Gn cash( W) 
where B , C , D  , Q , E , F ,  
obtained from the application of 
results are g i v e n  in Appendix B .  
By noting the similarity of 
(10) 
+ cos( -1 
(11) 
G and p are constants 
equations ( 6 ’ ) - ( 7 ’ ) .  The 
x to y in the equations (10)- 
(11) ana also in equations ( 6 ’ ) - ( 7 ’ ) ,  the respective constants 
are of like form, That is, once B C , D and a are deter- 
mined from equations ( 6 A ‘ ) ,  ( 6 B . 1 ,  (7A0),(7B’) ana ( l o ) ,  E , 
F , G and p result by substituting y for x, E for B, F for 
C ,  G for D, p for Q ,n for m, R3 for R1 , R4 for 
R 2  , K 3  for K1 , K4 for K2 and b for a. 
Derivation -- of Solution --- 
The differential equation that governs the motion of a 
uniform plate subject to an external loading is given by, 
w + p h G + c G = p  
(12) 
p h is m & s  per unit area ( p =  mass density) and c is 
I ) .  
where 
the damping coefficient. 
The pressure, p = p(x,y,t) , is assumed to be narmonic 
ana uniformly distributed which results in an harmonic 
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d i s p l a c e m e n t ,  w = w ! x , y , t ) .  Us ing  complex  n o t a t i o n ,  
i W t  i W  t 
i f& t 
p = p ( x , y , t : )  = P ( x , y )  e = P e  
(13) 
a n d ,  
w = w(x,y , t : )  = W(x,y)  e 
( 1 4 )  
w h e r e  P(x,y) a n d  W ( x , y )  are  t h e  s p a t i a l  a m p l i t u d e s  of 
p r e s s u r e  and d i s p l a c e m e n t ,  r e s p e c t i v e l y .  F o r  a u n i f o r m  
p r e s s u r e ,  P ( x , y )  = E' . 
S i n c e  n o n e  of t h e  b o u n d a r i e s  a r e  s i m p l y  s u p p o r t e d ,  t h e  
a p p r o x i m a t e  s o l u t i o n  comes f rom a n  a p p l i c a t i o n  o f  t h e  R a y l e i g h -  
H i t z  a p p r o a c h .  T h i s  method i n  dynamic  r e s p o n s e  p r o b l e m s  
i n v o l v e s  f o r m i n g  t h e  k i n e t i c  e n e r g y ,  T, t h e  p o t e n t i a l  e n e r g y ,  
v ,  and  t h e  work done,C!, by t h e  p r e s s u r e  on t h e  p l a t e .  The 
s o l u t i o n  f o r  W(x ,y )  i s  p u r s u e d  by  m i n i m i z i n g  t h e  f o l l o w i n g  
e q u a t i o n ,  
The k i n e t i c  e n e r g y  i s  c a l c u l a t e d  by e q u a t i o n  ( 3 ) .  
The  potential energy is formed by summing the c o n t r i -  
butions f r o m  t h e  p l a t e  b e n d i n g  s t r a i n  e n e r g y  a n d  t h e  s t r a i n  
e n e r g y  i n  t h e  boundary  s p r i n g s .  The b e n d i n g  s t r a i n  e n e r g y  
c a n  be d e t e r m i n e d  f rom e q u a t i o n  (2). The p o t e n t i a l  e n e r g i e s  
a s s o c i a t e d  w i t h  t h e  r o t a t i o n a l  e las t ic  b o u n d a r y  c o n d i t i o n s  
a r e ,  
"R 2 
2 
W , , ( O , Y )  .t -2 f 2 
B r e w e r  2 0  
+ 1 3  
2 i 2 w , y ( x , o )  d x  + f 2 
The s t r a i n  e n e r g i e s  associated w i t h  t h e  t r a n s v e r s e  b o u n d a r y  
s p r i n q s  are, 
"K = f  -z' 
2 J + A3 
2 
w ( 0 , y )  
2 
w ( X I 0 1  
dY 
dx 
2 
W ( a , y )  
' 2  
w ( x , b )  
dY 
dx 
(17) 
w h e r e  a l l  s p r i n g  c o e f f i c i e n t s  ( Ri , K i  ( i = 1 , 2 , 3 , 4 ) )  are  
assumed c o n s t a n t  a l o n g  respective edges. 
T h e  t o t a l  p o t e n t i a l  e n e r g y  c a n  t h e n  be w r i t t e n  a s ,  
= 'R + 'K + 'max@b ( 1 8 )  
The w o r k  d o n e  b y  a u n i f o r m  p r e s s u r e  f i e l d ,  P , is g i v e n  
The choice of W ( x , y )  was g i v e n  i n  e q u a t i o n  ( 9 )  so t h a t  
t h e  m i n i m i z a t i o n  of e q u a t i o n  ( 1 5 )  becomes, 
S i n c e  t h e  r e s p o n s e  o f  t h e  p l a t e  i s  r u l e d  by  t h e  n a t u r a l  
f r e q u e n c i e s  a n d  geometric mode s h a p e s ,  t h e  c a l c u l a t i o n  of 
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n a t u r a l  f r e q u e n c i e s  i : s  r e q u i r e d , ,  T h i s  i s  d o n e  by  f o r m i n 9  t h e  
H a y l e i g h  Q u o t i e n t  of e q u a t i o n  ( 4 )  so t h a t  t h e  r a d i a n  f r e q u e n c y  
of t h e  mnth mode is  g i v e n  by, 
V 
2 
W ( x , Y )  dy dx P- fJ 0 0  ( 2 1 )  
(din = 
where  e q u a t i o n  ( 2 1 )  c a n  be w r i t t e n  as  a m a t r i x  wh ich  i s  a 
s y s t e m  of s i m u l t a n e o u s  e q u a t i o n s .  The  n a t u r a l  f r e q u e n c i e s  are  
o b t a i n e d  when t h e  d e t e r m i n a n t  i s  set t o  zero. I t  i n v o l v e s  t h e  
. e v a l u a t i o n  o f  many d i f f i c u l t  i n t e g r a l s .  F o r  t h i s  r e a s o n ,  
MACSYMA is v e r y  h e l p f u l .  The e v a l u a t i o n  i s  g i v e n  i n  Appendix  C. 
Combining e q u a t i o n s  ( 2 0 )  and ( 2 1 1 ,  t h e  m i n i m i z a t i o n  
prob 1 e m  becomes , 
w h e r e  e q u a t i o n  ( 2 2 )  i s  a l so  a m a t r i x  o f  s i m u l t a n e o u s  e q u a t i o n s  
which  a l lows t h e  c a l c u l a t i o n  o f  t h e  c o n s t a n t s ,  ihn, b y  
s u b s t i t u t i o n  of e q u a t i o n s  ( 3 1 ,  ( 9 ) - ( 1 1 )  a n d  ( 1 9 ) .  T h e s e  
r e s u l t s  are  d e s c r i b e d  i n  Appendix D. 
The c a l c u l a t i o n  o f  t h e  c o e f f i c i e n t s ,  Pfnn , a t  t h i s  p o i n t  
m a k e s  t h e  s o l u t i o n  f o r  t h e  s p a t i a l  d i s t r i b u t i o n  o f  d i s p l a c e m e n t ,  
W ( x , y ) ,  c o m p l e t e .  
The r e s u l t i n g  s t r a i n s  a r e  t h e n  c a l c u l a t e d  by t h e  small 
d c f  1 e c t i o n  t h e o r y  a s  f 101 lows, 
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and, 
i 2  T f t  
€ x  = - 2 W I X X  = - z w,xx e 
i 2  TT f t  
(23) 
where 2 7 7  f = 0 . The maximum s t r a i n s  a re  c a l c u l a t e d  a t  t h e  
t o p  a n d  b o t t o m  s u r f a c e s  of t h e  p a n e l  a t  z=+h/2 .  - 
The m a g n i t u d e  o f  mean-square  s t r a i n s  a t  a f r e q u e n c y ,  f ,  
are d e t e r m i n e d  by, 
a n d ,  
(25) 
( 2 6 )  
where * d e n o t e s  t h e  complex  c o n j u g a t e .  
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CHAPTER 3 
S y m b o l i c  M a n i p u l a t i o n  a s  a n  A i d  t o  S o l u t i o n  
* 
I n t r o d u c t i o n  a n d  D e s c r i p t i o n  - o f  MACSYMA ---- 
H i s t o r i c a l l y ,  mach ine  a i d e d  m a t h e m a t i c s  h a s  e x p e r i e n c e d  
a n  a r i t h m e t i c a l  d e v e l o p m e n t .  The f o c u s  has b e e n  t o  p r o v i d e  a 
m e a n s  t o  p r o c e s s  large amounts  o f  i n f o r m a t i o n  n u m e r i c a l l y .  
T h i s  i s  r e f l e c t e d  i n  t h e  w i d e l y  h e l d  desire t o  s t a t i s t i c a l l y  
e v a l u a t e  n u m e r i c a l  d a t a .  As a r e s u l t ,  t h e  m a j o r i t y  o f  s o f t -  
ware s y s t e m s  a v a i l a b l l e  a r e  d e s i g n e d  f o r  d i g i t a l  data  proces- 
s i n g .  Any a n a l y t i c a l  r e l a t i o n  related t o  t h e  numbers  i s  
u s u a l l y  d e r i v e d  pr ior  t o  compute r  u s e  and i n c o r p o r a t e d  i n t o  
t h c  d a t a  p r o c e s s i n g  or t h e  re1a t : ion  is  discovered w i t h  f u r -  
ther n u m e r i c a l  e v a l u a t i o n  s u c h  a s  curve  f i t t i n g .  The c o m p u t e r  
has p r o v e n  to be v e r y  c a p a b l e  t o  p e r f o r m  s t a t i s t i c a l  a n a l y s i s  
b u t  t h e  a c c u r a c y  a n d  e f f i c i e n c y  a r e  n o t  a l w a y s  good. L a r g e  
sets of d a t a  r e q u i r e  l la rge  s t o r a - g e  space i n  t h e  mach ine  and 
t r u n c a t i o n  w i t h  r o u n d o f f  i s  n o t  uncommon. 
S i n c e  t h e  c o m p u t e r  combines  and a r r a n g e s  n u m e r i c a l  
q u a n t i t i e s  based o n  mathematical e x p r e s s i o n s  t h a t  m a n i p u l a t e  
v a r i a b l e s ,  p a r a m e t e r s  or a n y  g e n e r a l  symbol ,  it is  n o t  
u n r e a s o n a b l e  t o  e x p e c t .  t h e s e  same m a t h e m a t i c a l  e x p r e s s i o n s  
* Acronym f o r  - MAC’S -. SYmbolic - M A n i p u l a t i o n  Sys t em 
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to bt, d c r i v a b l t ’  o n  t h e  machinc .  Dur ing  t h e  e x e c u t i o n  of a n  
a l g o r i t h m ,  t h e  c o m p u t e r  need  n o t  d i s c r i m i n a t e  be tween  num- 
b e r s  a n d  symbol s  u n t i l  t h e  u s e r  so s p e c i f i e s  w i t h  a n  o u t p u t  
request. R e s e a r c h  a n d  d e v e l o p m e n t  of c o m p u t e r  a ided  m a t h e m a t i c s  
is  b e s t  e x e m p l i f i e d  by MACSYMA. 
MACSYMA’S i n i t i a l  deve lopmen t  w a s  d o n e  u n d e r  t h e  
d i r e c t i o n  of P r o f e s s o r  Joe l  Moses a t  M a s s a c h u s e t t s  I n s t i t u t e  
of Techno logy  i n  t h e  l a t t e r  p a r t  o f  t h e  1 9 6 0 ’ s  ( 1 5 ) .  S i n c e  
t h e n ,  i t  h a s  become c o m m e r c i a l l y  ava i lab le  t h r o u g h  S y m b o l i c s ,  
I n c .  The h i s t o r y  of MACSYblA’s d e v e l o p m e n t  shows c o n t i n u o u s  
c o n t r i b u t i o n s  t o  improvements  a n d  s y s t e m  m a i n t e n a n c e  b y  many 
a u t h o r s .  The s y s t e m  h a s  e v o l v e d  i n t o  a l a r g e  a n d  s o p h i s t i c a t e d  
s y m b o l i c  m a n i p u l a t i o n  software p a c k a g e  t h a t  g ives  t h e  u s e r  
access t o  many o t h e r w i s e  u n a v a i l a b l e  m a t h e m a t i c a l  t e c h n i q u e s .  
T h i s  h a s  p r o d u c e d  a l i b r a r y  o f  u s e r  snared a l g o r i t h m s  t h a t  
h a v e  b e e n  employed i n  s u c h  f i e l d s  a s  e x p e r i m e n t a l  m a t h e m a t i c s ,  
a c o u s t i c s ,  c e l e s t i a l  m e c h a n i c s ,  c o m p u t e r  a i d e d  d e s i g n ,  
s t r u c t u r a l  m e c h a n i c s  a n d  n u m e r i c a l  a n a l y s i s .  The t y p e s  o f  
p r o b l e m s  t n a t  h a v e  b e e n  addressed i n c l u d e  s p e c t r a l  a n a l y s i s ,  
h e l i c o p t e r  b l a d e  m o t i o n ,  f i n i t e  e l e m e n t  a n a l y s i s  a n d  p l a t e  
v i b r a t i o n s ,  among many o t h e r s  (16). 
MACSYMA i s  a l i s p  program ( r e c e n t l y  es t imated a t  
300,000 l i n e s  of l i s p  code ( 1 6 1 )  t h a t  has  been  c a t a l o g u e d  
t o  i n c l u d e  basic  a l g o r i t h m s  a n d  a x i o m s  of matnematical t h e o r y .  
T h e  g r o w t h  of MACSYMA is  n o t  u n l i k e  t h e  e v o l u t i o n  o f  ma th  
i t s e l f  i n  t h a t  a d v a n c e d  t h e q r y  i s  d e p e n d e n t  on  t h e  v a l i d i t y  
of f u n d a m e n t a l  a s s e r t i o n s .  T h i s  ” b u i l d i n g  b l o c k  ‘I p r o c e s s  
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i s  a p p a r e n t  i n  m a t h e m a t i c a l  p r o o f s  o r  d e r i v a t i o n s  whereby  
a n y  c o n c l u s i o n  mus t  l o g i c a l l y  f o l l o w  p r e c e d i n g  steps o f  t h e  
a rgumen t  a n a  MACSYMA h a s  e x p e r i e n c e d  t h i s  same I' b u i l d i n g  
. 
b l o c k  d e v e l o p m e n t .  The program h a s  a t t a i n e d  a l e v e l  o f  sop- 
h i s t i c a t i o n  t h a t  o f f e r s  o n - s c r e e n  t w o - d i m e n s i o n a l  r e p r e s e n t -  
a t i o n s  ( v e r y  s imi la r  to handwri t : ten  f o r m )  of a d v a n c e d  cal-  
c u l u s  a n d  l i n e a r  a l g e b r a .  A c c o r d i n g l y ,  t n e  p r o g r a m  commands 
f o r  t h e  m a n i p u l a t i o n  o f  u s e r  d e f i n e d  v a r i a b l e  e x p r e s s i o n s  
a r e  s imi la r  t o  t h e  m a t h e m a t i c a l  f u n c t i o n s  desired. F o r  
example ,  i n  o r d e r  t o  f ac to r  a n  e x p r e s s i o n ,  t h e  MACSYMA 
s y n t a x  i s ,  
f a c t o r ( e x p r e s s i o n )  ; 
or t o  expand  a r a t i o n a l  e x p r e s s i o n  b y  c a n c e l l i n g  a common 
d i v i s o r ,  m u l t i p l y i n g  o u t  p r o d u c t s  of sums, e tc ,  t h e  s y n t a x  
is 
r a t e x p a n d  ( e x p r e s s i o n )  ; 
o r  t o  s i m p l i t y  a t r i g o n o m e t r i c  e x p r e s s i o n .  by t h e  implemen- 
t a t i o n  of the identity, s i n  2 ( X I  + cos 2 ( x )  = 1 ,  the command 
is, 
t r i g s i m p ( e x p r e s s i o n 1 ;  
A l s o ,  t h e  a r i thmet ica l  o p e r a t o r s  u s e d  t o  e n t e r  a n d  create 
e q u a t i o n s  are  t h e  same a s  t h o s e  used i n  many p rogram l a n g u a g e s  
w h e r e  * *  = e x p o n e n t i a t i o n ,  / = d i v i s i o n ,  etc. As a 
r e s u l t ,  i t  i s  n o t  d i f f i c u l t  t o  b e g i n  t h e  a p p l i c a t i o n  of 
MACSYMA c a p a b i l i t i e s  a n d  s u b s e q u e n t  r e q u e s t s  are u s e r  ais- 
c o v e r e d  i n  a f r i e n d l y  manner .  
Brewer 26 
Perhaps the most valuable asset given by MACSYMA and 
other available symbolic manipulation software is the release 
froin computational details of problem solutions. Many solution 
derivations involve long and difficult intermediate calcu- 
lations where a strong chance for error is present if the 
computations are done by hand. Even commonly used tables of 
integrals contain errors. A computer algebra system puts the 
mathematics of solution in the hands of the practicioner. 
The answers returned by MACSYMA are givei in qeneral form 
according to the degree of generality requested, This frees 
an engineer to directly define and apply general solution 
techniques and algorithms to a class of problems and allows 
thc3 examination and development of theory from the definitions. 
The insight to be gained from engineering theory and physical 
phenomenon is not lost in the details of derivation. Since 
mathematics is a tool of the engineer, it is advantaqeous to 
let the computer assume the role of the analytic work-horse. 
Examples .- of - MACSYMA Capabilities 
l'he capabilities of MACSYMA are too numerous to mention 
all here. Examples, with an emphasis on those related to the 
current study, include the ability to perform definite and 
indefinite integration, differentiation, evaluation of limits 
and series summations, trigonometric and hyperDolic function 
manipulation as well as matrix and tensor manipulation. The 
program can also evaluate expressions numerically at inter- 
mediate stages and MACSYMA is able to generate fortran code. 
Collectively, these capabilities provide the means to create 
B r e w e r  27  
c 
s u b r o u t i n e s  t h a t  c a n  ! D e  d e v e l o p e d  a n d  v e r i f i e d  s e p a r a t e l y .  
I t  is a l s o  a more e f f i c i e n t  u s e  of c o m p u t e r  t i m e  t o  s i m p l i f y  
c x p r e s s i o n s  p r ior  t o  n u m e r i c a l  e v a l u a t i o n  w h i c h  MACSYMA c a n  
p e r f o r m  w i t h  va r i ab le  p r e c i s i o n  on  b o t h  f i x e d  a n d  f l o a t i n g  
p o i n t  c a l c u l a t i o n s .  
I n  order t o  i l l u s t r a t e  a n  a p p l i c a t i o n  o f  MACSYMA capa- 
b i l i t i e s  t o  problem s o l u t i o n ,  it. i s  p e r t i n e n t  t o  p r e s e n t  
e x a m p l e s  o f  m a n i p u l a t i o n s  related t o  t h e  c u r r e n t  s t u d y .  
T h e  e x a m p l e s  i n c l u d e  t h e  d i s p l a y  of IWCSYAA g e n e r a t e d  beam 
f u n c t i o n s  a n d  a descr :Lpt ion  o f  s t e p s  n e c e s s a r y  t o  f o r m  t h e  
H a y l e i g h  q u o t i e n t  f o r  n a t u r a l  f r e q u e n c i e s .  The R a y l e i g h  
q u o t i e n t  i s  a p p l i e d  t o  a s i m p l y - s u p p o r t e d  p a n e l  u t i l i z i n g  
beam s i n e  f u n c t i o n s  as; t h e  assumed mode s h a p e s .  The  example 
u s i n q  s i n e  f u n c t i o n s  was c h o s e n  f o r  p r e s e n t a t i o n  b e c a u s e  
i t  i s  n o t  c o n c e p t u a l l y  d i f f i c u l t  a n d  g i v e s  a n  e a s y  t o  follow 
MACSYMA l i s t i n g .  B o t h  examples  h a v e  b e e n  e d i t e d  t o  e x c l u d e  
d e t a i l s  of i4ACSYMA program s t a t e m e n t s  a n d  s i n c e  MACSYMA 
e x h i b i t s  n o  greek n o m e n c l a t u r e ,  english a b b r e v i a t i o n s  are 
used. The e x a m p l e s  w i l l  a l so  i n t r o d u c e  t h e  t w o - d i m e n s i o n a l  
d i s p l a y  r e t u r n e d  by  MACSYMA t h a t  i s  u s e d  i n  A p p e n d i c e s  B ,  C 
and  D. 
MACSYMA G e n e r a t e d  Bear1 F u n c t i o n s  --- - - --. 
The beam f u n c t i o n s  c h o s e n  t o  r e p r e s e n t  t h e  modes of 
v i b r a t i o n  of a n  e l a s t i c a l l y  r e s t r a i n e a  p l a t e  were g i v e n  i n  
e q u a t i o n s  ( 1 0 1  a n d  (11 ) .  The f o l l o w i n g  b r i e f  l i s t i n g  i s  a 
d e m o n s t r a t i o n  of c o m p u t e r  g e n e r a t e d  e x p r e s s i o n s  f o r  t h e s e  
beam f u n c t i o n s .  The f u n c t i o n s  are  i n s e r t e d  i n t o  e q u a t i o n  (9) 
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and expanded i n  t h e  series summation f o r  a f i n i t e  number of 
terms. 
The genera l  e x p r e s s i o n  f o r  t h e  assumed displacement 
f u n c t i o n s  from e q u a t i o n  ( 9 )  is  represented  by MACSYMA a s ,  
The e x p r e s s i o n s  f o r  X,(x) and Yn(y) from e q u a t i o n s  ( 1 0 )  and 
( 1 1 )  are, 
alph(m1 x alph(m) x 
a a 
x(m) = b(m) sinh(--------- ) + c ( m )  sin(--------- 1 l 
alpn(m) x alph(m) x 
+ d(m) cash(--------- ) + cos(--------- 1 
a a ( 2 8 )  
l and , 
bet(n) y bet(n) y 
y ( n )  = e ( n )  sinh(-------- ) + f(n) sin(-------- 1 
b b 
bet(n) y bet(n) y 
+ g(n) cash(--------) + COS(--------  1 
b b ( 2 9 )  
S u b s t i t u t i n g  e q u a t i o n s  ( 2 8 )  and ( 2 9 )  i n t o  ( 2 7 ) ,  
alph(m) x alpn(m) x 
a a 
(b(m) sinh(---------  ) + c(m) sin(--------- 1 
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alpn(m) x alph(m) x 
1 ) )  + d ( m )  cosh(---------- ) + cos(--------- 
a a 
betlln) y bet(n) y 
(e ( n ) sinh( ---=----- 1 + f(n) sin(-------- 1 
13 b 
. 
bet(n) y bet(n) y 
b b 
1 )  + g(n) cosh(-------- ) + cos(-------- 
(30) 
and finally expanding to show four terms ( p=2 , q=2) we 
have , 
alph(2) x 
a 
w(x, y )  = (a(2, :!I (b(2) sinh(--------- 1 
alph(2) x alph(2) x 
a a 
1 + c(2) sin(--------- ) + d(2) Cash(--------- 
alph(1) x alph(1) x 
a a 
) ) )  ( e ( 2 )  sinh(-------- 1 
) + d(1) Gosh(--------- 1 + c(1) sin(--------- 
alph(1) x bet(2) y 
a b 
+ cos(--------- 
bet(2) y bet(2) y bet(2) y 
1 )  + f(2) sin(-------- ) + g(2) Gosh(-------- ) + cos(-------- 
b b b 
alph(2) x alph(2) x 
a a 
+ ( a ( 2 ,  1 )  (b(2) sinh(--------- ) + c(2) sin(--------- 
. 
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a l p h ( 1 )  x a l p n ( 1 )  x 
a a 
+ a ( 1 ,  1) ( b ( 1 )  s inh(------- - -  ) + c(1)  sin(------- - -  1 
b e t ( 1 )  y be t (1)  y 
( e (1 )  sinh(--------  1 + f(1) sin(-------- 1 
b b 
Simply-Supported P l a t e  S o l u t i o n -  
(MACSYMA)r R a y l e i g h  Q u o t i e n t  
e 
The e x p r e s s i o n  f o r  t h e  R a y l e i g h  q u o t i e n t  t h a t  i s  fo rmed  
from t h e  p l a t e  s t r a i n  and k i n e t i c  energies was given  i n  
e q u a t i o n  ( 4 ) .  A n o t h e r  d e m o n s t r a t i o n  of MACSYMA c a p a b i l i t i e s  
is p r o v i d e d  whereby  t h e  i n t e g r a l  e x p r e s s i o n s  f o r  t h e  e n e r g y  
t e r m s  a r e  c o m p u t e r  g e n e r a t e d ,  t h e  q u o t i e n t  i s  fo rmed  a n d  
beam f u n c t i o n s  are  i n s e r t e d .  The p a r t i a l  d e r i v a t i v e s  are 
e v a l u a t e d  f o r  t h e  s t r a i n  e n e r g y  i n t e g r a n d  e x p r e s s i o n s  a n d  
i n t e g r a t i o n  i s  p e r f o r m e d  o v e r  t h e  p l a t e  s u r f a c e ,  
The s i m p l y - s u p p o r t e d  p l a t e  s o l u t i o n  c a n  b e  r e p r e s e n t e d  
by s i n e  f u n c t i o n s  t a k e n  f rom t h e  s i m p l y - s u p p o r t e d  beam. When 
t h e s e  f u n c t i o n s  are used, t h e  e q u a t i o n  f o r  n a t u r a l  f r e q u e n -  
cies r e d u c e s  t o  t h e  w e l l  known exact e x p r e s s i o n .  
Forming t h e  q u o t i e n t  f rom e q u a t i o n  ( 4 1 ,  MACSYMA gives ,  
b a  
nfmn = a ( I  I ( ( - 0 -  (w(x,  y ) ) )  
0 0  
/ /  2 
2 [ [  a 2 
rad ian  I 1  2 
/ /  dY 
Brewer 31 
2 
d 
2 
d 
2 
d 2 
I :  
. 
b a  
/ /  
[ I  2 
I 1  
/ /  
/ ( h  rho I I w ( x ,  y )  dx dy) 
0 0  
The normal modes of vibration of a simply-supported 
plate can be represented by, 
and substituting equation ( 3 3 )  into (32), 
2 
nfmn = d  
radian 
b a  
/ /  2 
[ [  
(I I ( ( - - -  
1 1  2 a b 
/ /  dY 
d %pi m x %pi n y 2 
1 ) )  ( wmn sin ( ------- ) sin(------- 
0 0  
2 
d %pi  m x %pi n y 
2 a b 
dx 
1 ) )  + 2 pr (--- (wmn sin(-------  ) sin(-------  
... . .. . . . .  . ., . ,. . , . _ ~  -. - .  ~.~ - .  -. 
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2 
d % p i  m x % p i  11 y 
2 a b 
dY 
1 ) )  (--- (wmn sin(------- ) s i n (  ------- 
2 
d % p i  m x % p i  n y 2 
dx 
1 ) )  + (--- (wmn sin(------- ) s i n (  -----.- 
2 a D 
2 
d % p i  m x % p i  n y 2 
1 ) )  - 2 p r  (----- (wmn sin(------- ) sin(------- 
dx dy a b 
2 
d % p i  HI x % p i  n y 2 
+ 2 (----- (wmn sin(------- ) sin(------- 1 ) )  1 dx dy) 
a b dx dy 
a b 
2 
/ ( h  rho wmn 
/ 
[ 
(I 
I 
/ 
0 
/ 
[ 
s i n  (----e-- 1 d x )  I s i n  (------- 1 dy) 
a I'  b 
' /  
0 
2 % p i  n y 2 % p i  m x 
( 3 4 )  
The respectAve - e r i v a t i v e s  are t aken  and MACSYMA y ie lds ,  
2 
nfmn = d  
rad ian  
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4 2 2  2 2 % p i  m x 2 %pi  n y 
1 2 % p i  m n wmn cos (------- ) cgs (------- 
a b 
a b  
a b 
/ / 
2 [  i! % p i  m x [ 2 % p i  n y 
I a l b 
/ ( h  r h o  wmn ( I  s i n  (------- 1 dx) I s i n  (------- 1 dy)  
/ / 
0 0 
and p e r f o r m i n g  t h e  i n t e g r a t i o n ,  
( 3 5 )  
- 2 
r a d i a n  
nfmn 
F i n a l l y ,  a s i m p l i f i c a t i o n  gives, 
w h i c h  is t h e  e x a c t  e x p r e s s i o n .  
... . . . . . : ' .  . .  _, . . -  ~ . , . . ,  . . .  ,, 
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( ' o n s i d e r a t i o n s  - - t o --- C u r r e n t  Approach 
T h e  f i r s t  c o n s i d e r a t i o n  t o  t h e  R a y l e i g h - H i t z  a p p r o a c h  
<it temptea t w r e i n  is t h e  g e n e r a t i o n  o f  oeam f u n c t i o n s  t h a t  
d i s p l a y  u n s y m m e t r i c  boundary  c o n d i t i o n s .  A l t h o u g h  t h e  algeb- 
r a i c  m a n i p u l a t i o n s  c o u l d  be d o n e  o y  h a n a ,  t h e  i n t e r m e d i a t e  
c a l c u l a t i o n s  i n v o l v e d  a re  l o n g  a n d  cumbersome. S u D s t i t u t i o n  
of t h e  g e n e r a l  e x p r e s s i o n s  o f  t n e  oeam f u n c t i o n s  i n t o  t h r e e  
of t h e  e q u a t i o n s  o f  t h e  boundary  c o n d i t i o n s  i n v o l v e s  t a k i n g  
d c r i v a t i v e s  ( f i r s t ,  s e c o n d  a n d  t h i r d  o r d e r )  and  s i m u l t a n e o u s  
s o l u t i o n  fo r  t h e  c o e f f i c i e n t s ,  B,  C a n d  D .  The e x p r e s s i o n s  
for t h e s e  c o e f f i c i e n t s  a re  t h e n  i n s e r t e d  i n t o  t h e  f o u r t h  
boundary  e q u a t i o n  y i e l d i n g  a t r a n s c e n d e n t a l  e q u a t i o n  f o r  t h e  
a r g u m e n t ,  a. . T h i s  t r a n s c e n d e n t a l  e q u a t i o n  i s  solved numer- 
i c a l l y  u s i n g  t h e  Newton-Raphson me thod .  T h i s  r e q u i r e s  t h e  
d e r i v a t i v e  w i t h  respect t o  Cl, o f  t h a t  e q u a t i o n .  Appendix  B 
di . . ; [ ) lays  t h c  l e n g t h y  e x p r e s s i o n s  r e t u r n e d  by MACSYMA f o r  
these  c a l c u l ' i t i o n s .  F o r  c o m p a r i s o n s  o f  degree of d i f f i c u l t y ,  
the c a l c u l a t i o n s  were p e r f o r m e d  by  hand .  T h i s  c o m p a r i s o n  i s  
d e s c r i D e d  In chap te r  s i x .  
Once t h e  beam f u n c t i o n s  a r e  d e r i v e d ,  i t  i s  n e c e s s a r y  t o  
o b t a i n  e x p r e s s i o n s  f o r  t h e  i n t e g r a l s  o f  t h e  e n e r g y  terms f o r  
n a t u r a l  f r e q u e n c i e s .  Aga in ,  t h e s e  c o m p u t a t i o n s  c o u l d  be d o n e  
by hand ,  however  w i t h o u t  s y m m e t r i c  s i m p l i f y i n g  a s s u m p t i o n s ,  
t h e  m a n i p u l a t i o n s  a r e  a r d u o u s .  C a r m i c h a e l  a s sumed  s y m m e t r i c  
r e s t r a i n t  c o n d i t i o n s  o n  p a r a l l e l  edges a n d  was rewarded w i t h  
concise e a s y  t o  program r e s u l t s .  By e x a m i n i n g  t h e  n e c e s s a r y  
i n t e g r a l s  w i t h  c o n s i d e r a t i o n  paid t o  d i s p l a c e m e n t  and  slope 
8 
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o n  t h o s e  p a r a l l e l  s i d e s ,  t h e  i n t e g r a l s  were r e d u c e d  t o  
c x p l i ~ i t  e x p r e s s i o n s  i n  terms of t h e  c o e f f i c i e n t s  (see r e f e r -  
v n c c  1 3 ) .  ~ n f o r t u n a t c l y ,  t h e  a s s u m p t i o n  of unsymmet r i c  
boundary  c o n d i t i o n s  i n  t h i s  s t u d y  does n o t  allow t h e  r e d u c t i o n  
of t h e  i n t e g r a l s  t o  s imple e x p r e s s i o n s .  Wi th  t h e  a i d  of 
MACSYMA, these i n t e g r a l s  are d i r e c t l y  e v a l u a t e d  over t h e  
p l a t e  s u r f a c e  r e s u l t i n g  i n  t h e  e q u a t i o n s  g i v e n  i n  Appendix C .  
Ca rmichae l  d e m o n s t r a t e d  a n o t h e r  s i m p l i f i c a t i o n  when 
c o n s i d e r i n g  t h e  e x t r a l c t i o n  o f  n a t u r a l  f r e q u e n c i e s .  By d i a g o n -  
a l i z i n g  t h e  e i g e n v a l u e  p r o b l e m ,  t h e  mnth m o d e  is  r e p r e s e n t e d  
by t h e  mnth term o n l y .  T h i s  w a s  an  acceptable a p p r o x i m a t i o n  
s i n c e  t h e  o f f  d i a g o n a l  terms are  much smaller t h a n  t h e  d i a g o n a l  
terms i n  t h e  f r e q u e n c y  d e t e r m i n a n t .  A s  a r e s u l t ,  t h e  o f f  d iag-  
o n a l  terms make  min ima l  c o n t r i b u t i o n  t o  t h e  c a l c u l a t i o n  o f  
n a t u r a l  f r e q u e n c i e s .  C a r m i c h a e l ’ s  a n a l y s i s  d i s p l a y e d  a n  error 
of less t h a n  1% by u s i n g  t h i s  t y p e  o f  a p p r o x i m a t i o n .  Diagon- 
a l i z a t i o n  of t h e  f r e q u e n c y  d e t e r m i n a n t  i s  u s e d  i n  t h i s  s t u d y  
a l s o  t o  simplify the d e r i v a t i o n  and  programming of s o l u t i o n .  
Accuracy  of t h e  r e s u l t s  i s  shown i n  c h a p t e r  f i v e .  
Ano thc r  c o n s i d e r a t i o n  t o  t h e  MACSYNA a i d e d  s o l u t i o n  
method r e l a t e s  t o  t h e  d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s ,  Am,, 
of f o r c e d  r e s p o n s e .  E q u a t i o n  ( 2 2 )  shows t h e  n e c e s s a r y  e q u a t i o n  . 
for  t h i s  c a l c u l a t i o n .  I t  s h o u l d  be n o t e d  t n a t  e q u a t i o n  ( 2 2 )  
i s  fo r  a n  undamped s t r u c t u r e .  Damping i s  i n c o r p o r a t e d  i n t o  
the c o m p u t a t i o n  i n  Appendix D.  The damping term i s  insertea 
o n c e  t h e  e x p r e s s i o n  f o r  t h e  undamped Am, i s  found .  The 
e q u a t i o n  for t h e s e  c o e f f i c i e n t s  r e q u i r e s  t h e  e v a l u a t i o n  of  
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t h e  i n t e g r a l  formed by t h e  w o r k  d o n e  by t h e  p r e s s u r e  o n  t h e  
p l a t c  ( e u u a t i o n  ( 1 9 ) ) .  A l though  t h i s  i n t e g r a l  i s  n o t  a s  d i f -  
f i c u l t  a s  t h o s e  f rom t n e  p l a t e  s t r a i n  a n d  k i n e t i c  e n e r g i e s ,  
MACSYMA acjain p e r f o r m s  t h e  i n t e g r a t i o n  c o n v e n i e n t l y .  
t is a f i n a l  n o t e  t o  t h e  d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s ,  
a s i m i l a r  d i a g o n a l i z a t i o n  i s  made t o  t h e  s i m u l t a n e o u s  e q u a t i o n s  
a r i s i n g  f rom e q u a t i o n  ( 2 2 ) .  Roussos  d i s c o v e r e d  t h a t  t h e  o f f  
d i a g o n a l  terms a r e  a g a i n  small  i n  c o m p a r i s o n  t o  t h e  t e r m s  o n  
t h e  d i a g o n a l  (see r e f e r e n c e  5 ) .  T h i s  s i m p l i f i c a t i o n  a i d s  i n  
t h e  programming o f  t h e  s o l u t i o n  a l g o r i t h m .  The a c c u r a c y  r e s u l -  
t i n g  f r o m  t h i s  a s s u m p t i o n  i s  g i v e n  i n  c h a p t e r  f i v e .  
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CHAPTER 4 
Finite Elements as 13 Solution Method 
* 
Introduction -- and Description - of NASTRAN 
Since the early 1960's, the finite element method has 
had an accelerated development and has gained wide accep- 
tance to many engineering applications. Although it was 
initially designed to be used in structural analysis, it has 
been successfully employed in other engineering disciplines 
such as fluid mechanics and heat transfer. Perhaps the main 
reason the finite element method has experienced such rapid 
advancement is the computational power given by the computer. 
Essentially, the finite element method (as applied to 
structural analysis) is an energy formulation similar to the 
Haylcigh-Hitz approach. However, rather than define admissible 
functions over the entire domain, functions are chosen to 
describe the behavior over elements or subdomains. That is, 
the continuous domain is aiscretized into a finite number of 
elements. The functions (called element interpolation functions) 
arc? usually easier to define than admissible functions over 
an entire domain. In fact, low order polynomials are often 
chosen which facilitates integration of the energy terms. As 
* Acronym for - NASA --- S'I'Ructura1 -- ANalysis Program 
.~ 
Brewer 38 
a r e s u l t ,  t h e  method c a n  h e  a p p l i e d  t o  s t r u c t u r e s  of c o m p l i -  
c a t e d  g e o m e t r y .  O n c e  t h e  e q u a t i o n s  a r e  u s e a  t o  d e t e r m i n e  t h e  
elemental  mass matr ices ,  s t i f f n e s s  matrices and  f o r c e  vectors, 
t h e y  a r e  a s s e m b l e d  t o  describe t h e  behavior of t h e  e n t i r e  
s t r u c t u r e .  C o m p a t i b i l i t y  o f  d i s p l a c e m e n t  i s  requi red  a t  t h e  
q r i d  p o i n t s  c o n n e c t i n q  t h e  e l e m e n t s  a s  t h e  g l o b a l  matrices a n d  
v e c t o r s  a r e  a s s e m b l e d .  The  m a n i p u l a t i o n s  of m a t r i x  a l g e b r a  
a r e  t h e n  u s e d  t o  t o  r e t r i e v e  t h e  s o l u t i o n  d a t a .  
NASTRAN i s  a c o m p r e h e n s i v e  f i n i t e  e l e m e n t  s o f t w a r e  
p a c k a g e  t h a t  h a s  b e e n  d e v e l o p e d  w i t h  g e n e r a l .  p u r p o s e  objec- 
t i v e s  ( 1  7). The S rogram c a n  be u s e d  t o  examine  s t r u c t u r e s  
of a n y  s i z e ,  s h a p e  a n d  c o n f i g u r a t i o n .  I t  w i l l  h a n d l e  s t r u c t u r e s  
t h a t  e x h i b i t  i s o t r o p i c  t o  g e n e r a l l y  a n i s o t r o p i c  e l a s t i c  
r e l a t i o n s .  T h e  program i s  ab le  t o  p e r f o r m  rea% or  complex  
m a t r i x  o p e r a t i o n s  a n d  d e t e r m i n e  v i b r a t i o n  f r e q u e n c i e s  a n d  
modes. V a r i o u s  l o a d i n g s  may b e  a p p l i e d  t o  t h e  s t r u c t u r a l  g r i d  
p o i n t s  i n c l u d i n g  c o n c e n t r a t e d  loads a n d  d i s t r i b u t e d  loads.  
T h e  loads c a n  b e  t r a n s i e n t ,  s i n u s o i d a l  s t e a d y  s t a t e  a n d  
random. F l e x i b i l i t y  nas Deen i n c o r p o r a t e d  i n t o  t h e  NASTRAN 
i , rogram p a c k a g e  i n  a n  e f f o r t  t o  a n t i c i p a t e  c h a n g i n g  n e e d s  
and  a p p l i c a t i o n s .  As d e s c r i b e d ,  NASTiWN i s  q u i t e  c a p a b l e  t o  
a n a l y z e  u n i f o r m  r e c t a n g u l a r  p l a t e s  w i t h  e l a s t i c  r e s t r a i n i n g  
s p r i n g s  o n  t h e  e d g e s .  R e c t a n g u l a r  p l a t e s  a re  c o n v e n i e n t l y  
modeled. . w i t h  a C a r t e s i a n  c o o r d i n a t e  g r i d  c o n f i g u r a t i o n .  
N A S T R A N  u s e s  t h e  d i s p l a c e m e n t  a p p r o a c h  w i t h  r e f e r e n c e  t o  t h e  
q r i d  p o i n t s  t o  a n a l y z e  these s t r u c t u r e s .  NASTRAN uses a 
p o l y n o m i a l  r e p r e s e n t a t i o n  of t h e  d i s p l a c e m e n t s .  
I 
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A t y p i c a l  NASTRAN a n a l y s i s  i n v o l v e s  a n  i n p u t  f i l e  t h a t  
is composcd of t h r e c  Itarts (18). T h e s e  a r e  t h e  e x e c u t i v e  cont- 
r o l ,  t h e  case c o n t r o l  a n d  t h e  b u l k  da ta .  The e x e c u t i v e  c o n t r o l  
p o r t i o n  d e f i n e s  t h e  t y p e  of s o l u t i o n  ( i . e .  s t a t i c ,  d y n a m i c ,  
h e a t  t ransfer ,  e tc . )  to b e  u s e d  and  estimates t h e  t i m e  o f  
Computa t ion .  S e v e r a l  o p t i o n s  f o r  s p e c i a l  f e a t u r e s  s u c h  a s  
d i a q n o s t i c  r e q u e s t s  a re  a l so  d e s i g n a t e d  i n  t h e  e x e c u t i v e  
con t ro l .  
The case c o n t r o l  p r o v i d e s  more d e t a i l  o f  t h e  i n p u t  t o  
t h e  s p e c i f i c  p r o b l e m  u n d e r  c o n s i d e r a t i o n .  The s e l e c t i o n  o f  
e i g e n v a l u e  e x t r a c t i o n  method,  t h e  s p e c i f i c a t i o n  of l o a d i n g  
cases t o  be examined  a n d  t h e  o u t p u t  f r e q u e n c y  s e l e c t i o n s  are 
made i n  t h e  case c o n t r o l .  Model and  mater ia l  p r o p e r t i e s  s u c h  
a s  damping of t h e  s t r u c t u r e  a r e  r e f e r e n c e d  a n d  g r i d  p o i n t  c o n s -  
t r a i n t s  a re  selected from t h e  b u l k  data .  R e q u e s t s  o f  t y p e ,  
l oca t ion  and  s o r t i n g  of  t h e  o u t p u t  a r e  i s s u e d  i n  t h i s  s e c t i o n .  
The t h i r d  and  most d e t a i l e d  p a r t  o f  t h e  NASTRAN i n p u t  i s  
t h e  b u l k  d a t a .  T h i s  s e c t i o n  is a f o r m a t t e d  d a t a  l i s t  t h a t  des- 
cribes t h e  model and  material p r o p e r t i e s .  T h e  g r i d  c o n f i g u r a t i o n  
is s p e c i f i e d  by g r i d  p o i n t  l o c a t i o n  and  e l e m e n t  c o n n e c t i v i t i e s .  
1,oadinrJ is  i n d i c a t e d  w i t h  a m p l i t u d e  a n d  t i m e  or  f r e q u e n c y  
v a r i a t i o n  a s  w e l l  a s  p o i n t s  o f  load a p p l i c a t i o n .  P a r a m e t e r s  
t h a t  control  a c c u r a c y  of s o l u t i o n  are l i s ted .  The  b u l k  da t a  
is t h e  "meat"  o f  t h e  NtASTRAN i n p u t  a n d  c a n  be a l o n g  l i s t i n g .  
As a r e s u l t ,  i t  is t h e  b u l k  d a t a  t h a t  p r e s e n t s  t h e  b e s t  c h a n c e  
for f o r m a t  error.  
. 
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Figure ( 2 ) .  NASTRAN Finite Element Model 
Description - of Elements . -  and Models 
The models (figure ( 2 ) )  chosen for analysis in this study 
were composed of isotropic quadrilateral (CQUAD1) elements of 
uniform thicknesso The CQUADl element possesses both in-plane 
and bending stiffnesses although the in-plane motions were 
neglected since the two motions are uncoupled in small deflec- 
tion linear transverse vibrations. This element uses two sets 
of coplanar overlapping bending triangles (figure (3)) that 
Figure ( 3 ) .  CQUADl Element Consisting of Overlapping 
Pairs of Triangular Plate Elements 
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e a c h  h a v e  o n e  h a l f  t h e  q u a d r i l a t e r a l  t h i c k n e s s .  L i n e  s e g m e n t s  
j o i n i n g  p o i n t s  are assumed r i g i d .  The stresses are computed  
f o r  e a c h  t r i a n g l e  a t  t h e  i n t e r s e c t i o n  o f  t h e  d i a g o n a l s  a n d  
I .  
a v e r a g e d  ( 1 9 ) .  F o r  r e c t a n g u l a r  e l e m e n t s ,  t h i s  c a l c u l a t i o n  is  
a t  t h e  center of t h e  e l e m e n t .  S t r a i n s  are  n o t  c a l c u l a t e d  i n  
NASTMN dynamic  a n a l y s i s .  The a c c u r a c y  r e t u r n e d  by t h e  CQUADl 
e l emen t  i s  d e s c r i b e d  :in r e f e r e n c e  ( 1 9 ) .  
The o t h e r  e l emen t  n e c e s s a r y  i s  th 'e  scalar  s p r i n g  e l e m e n t  
t o  model e l a s t i c  boundary  r e s t r a i n t s .  S c a l a r  s p r i n g  e l e m e n t s  
(CELAS1) were a t t a c h e d  t o  e a c h  g r i d  p o i n t  on t h e  f o u r  e d q e s  
of t h e  p l a t e s .  Two sp i r ing  e l e m e n t s  were f i x e d  t o  e a c h  g r i d  
p o i n t  ( o n e  f o r  t r a n s l a t i o n  and  one  r o t a t i o n ) .  A t  t h e  c o r n e r s ,  
however ,  i t  was n e c e s s a r y  t o  a t t a c h  a n  a d d i t i o n a l  r o t a t iona l  
s p r i n g  i n  o r d e r  t o  m o d e l  t h e  j o i n i n g  o f  t w o  r e s p e c t i v e  edges. 
The c o n n e c t i o n s  were c o m p l e t e d  by f i x i n g  e a c h  s p r i n g  f rom 
g r i d  p o i n t  t o  g r o u n d e d  scalar p o i n t s .  The b u l k  d a t a  w a s  
a r r a n g e d  so a s  t o  a l l o w  t h e  a s s i g n m e n t  o f  t h e  e i g h t  d i s t i n c t  
s p r i n g  c o n s t a n t s  ( foul :  edges w i t h  two t y p e s  of  s p r i n g  on e a c h  
e d g e  1.  
S i x  models were employed t o  c o n d u c t  t h e  s t u d y .  They 
i n c l u d e d  1 5 " x  3 " ,  15"x  6", 15"x 9", 15"x  1 2 "  and  t w o  s q u a r e  
p l a t e s  a t  l 2 " x  1 2 "  and  15"x lS" .  T h e s e  models g a v e  a s p e c t  
r a t io s  ( = b / a )  of 0.2, 0 . 4 ,  0 .6 ,  0 .8  and  1.0, r e s p e c t i v e l y .  
The i n p u t  d a t a  g i v e n  to NASTRAN fo r  e a c h  model was r e p r e s e n -  
t a t i v e  o f  t h e  m a t e r i a l .  p r o p e r t i e s  of a t y p i c a l  a luminum 
p a n e l .  Upon r e t r i e v a l  of t h e  o u t p u t  d a t a ,  t h e  f r e q u e n c i e s  
and  r e s p o n s e s  were n o n d i m e n s i o n a l i z e d  a s  d e s c r i b e d  i n  t h e  
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r e s u l t s .  The a n a l y s i s  was c o n d u c t e d  u s i n g  NASTRAN normal  
modes f r e q u e n c y  response.  
E i  qenva  1 u e  E x t r a c t  i o n  - -- - 
Once t h e  g l o b a l  rn-ass a n d  s t i f f n e s s  matrices a r e  assem- 
b l e d ,  t h e  e i g e n v a l u e s  and  e i q e n v e c t o r s  are  e x t r a c t e d  accor- 
d i n g  t o  t h e  f o r m u l a ,  
([Kl - ),[MI) = 0 ( 3 8 )  
w h e r e ,  [ M I  a n d  [ K ]  a r e  t h e  global mass a n d  s t i f f n e s s  mat r ices ,  
and  { 4 } a re  t h e  des i red  e i g e n v a l u e s  a n d  e i g e n v e c t o r s ,  
r e s p e c t i v e l y .  The metnod selected f o r  t h i s  e x t r a c t i o n  w a s  
t h e  I n v e r s e  Method w i t h  S h i f t s  ( 1 9 ) .  The  NASTRAN s o f t w a r e  
p a c k a g e  c o n t a i n s  t h e  a l g o r i t h m  f o r  t h i s  p r o c e d u r e .  
T h e  i n v e r s e  method i s  a veetor i t e r a t i o n  p r o c e d u r e .  
W r i t i n g  e q u a t i o n  ( 3 8 )  as ,  
I v } n + l  = [DI {UIn ( 3 9 )  
w h e r e ,  
[D] = [K]-’ [MI (40) 
a n d  { u } ~  i s the t r a i l  i n p u t  v e c t o r  ( a r b i t r a r y  i n i t i a l  t r a i l  
v e c t o r ,  { u ) ~ )  a n d  { v J ~ + ~  i s  t h e  v e c t o r  o b t a i n e d  f rom t h e  
n t ”  1 t e r a  t 1 o n .  
Then t h e  n+Ist t r a i l  v e c t o r  i n p u t  t o  t n e  i t e r a t i o n  i s ,  
{U}n+l  = X ( n + l )  {V}n+l  ( 4 1 )  
w h e r e  X ( n + l )  i s  a n  a p p r o p r i a t e  s c a l i n g  f a c t o r .  NASTRAN 
selects X ( n + l )  a s  t h e  i n v e r s e  o f  t h e  e l e m e n t  of l a r g e s t  
a b s o l u t e  v a l u e  i n  ( v } ~ + ~  so  a s  t o  n o r m a l i z e  { u } ~ + ~  w i t h  +1 
a s  t h e  l a r g e s t  e l e m e n t .  I t  h a s  b e e n  p r o v e n  ( 1 9 )  t h a t  { v } ~ + ~  
c o n v e r g e s  t o  the e i g e n v e c t o r ,  { ($1 a n d  ( n + l  c o n v e r g e s  o n  
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t t i c .  cor rc l spond iny  c b i  qenvn 1 u c ,  . In most cascls, thc procedure. 
r e s u l t s  i n  t h e  lowest. v i g e n v a l u e .  
I n  o r d e r  t o  o b t a i n  e i g e n v a l u e s  a n d  e i g e n v e c t o r s  of h i g h e r  
I .  
moaes, t h e  a l g o r i t h m  is employed w i t h  s p e c t r u m  s h i f t .  T h a t  
i s ,  a s h i f t  p o i n t ,  A,, i s  selected. t h a t  i s  close t o  a h i g h e r  
e i q e n v a l u e  a n d  a s h i f t e d  e i g e n v a l u e  i s  d e f i n e d  a s ,  
A =  A -  X o  ( 4 2 )  
S u b s t i t u t i n g  i n t o  e q u a t i o n  ( 3 8 1 ,  
( [ I ( . * ]  - I \ [ M I )  { $ I  = 0 
[ K * l  = [ K l  - Lo [ M I  
( 4 3 )  
w h e r e ,  
( 4 4 )  
The  i n v e r s e  method is  t h e n  a p p l i e d  t o  t h i s  s h i f t e d  
e i g e n v a l u e  problem. i s  s o l v e d  f o r  a n d  t h e  r e q u i r e d  e i g e n -  
v a l u e  i s ,  
X = X o + A  ( 4 5 )  
T h e  c o n v e r g e n c e  c r i t e r i a  used  by NASTRAN i s  b a s e d  on  ortho- 
c jon , i l i ty .  A c h e c k  of r e t r i e v e d  e i g e n v e c t o r s  i s  made s u c h  t h a t  
the. modal mass m a t r i x ,  
{ C # ) i l T  [ M I  { @ , I  < 7 i = j  ( 4 6 )  
w h c r c  ris a user s u p p l i e d  p a r a m e t e r  a n d  i n  t h e  i dea l  case, 
7 =  0 .  
F i n a l l y ,  m e n t i o n  s h o u l d  be inade a b o u t  t h e  u s e  o f  i n c o n -  
s i s t e n t  ( lumped and  c o n s i s t e n t  inass f o r m u l a t i o n s .  The lumped 
mass f o r m u l a t i o n  assembles mass matrices by  lumping  e q u a l  
amounts  of mass a t  t h e  g r i d  p o i n t s .  As a r e s u l t ,  t h e  mass 
m a t r i x  i s  d i a g o n a l .  T h i s  t y p e  o f  s i m p l i f i c a t i o n  t e n d s  t o  
lower t h e  e x t r a c t e d  e i sgenva lues  s imilar  t o  t h e  e f f e c t  o f  a 
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1; i rqcr  denorn ina to r  i n  t h e  H a y l e i g h  q u o t i e n t  ( e q u a t i o n  (4) ) .  
A l t h o u g h  t h i s  may seem f a v o r a b l e -  by  t h e  a r g u m e n t  o f  u p p e r  
bounded e i q c n v a l u c s ,  c o m p u t a t i o n a l  a c c u r a c y  may s u f f e r .  The 
n a t u r a l  f r e q u e n c i e s  o b t a i n e d  i n  t h i s  f o r m u l a t i o n  c o n v e r g e  o n  
the? t rue  v a l u e s  f r o m  below a s  t h e  number of e l e m e n t s  i n c r e a s e s .  
I n  t h e  c o n s i s t e n t  mass f o r m u l a t i o n ,  t h e  o f f  d i a g o n a l  
terms a r e  n o n z e r o .  T h e s e  terms c o u p l e  t h e  a d j a c e n t  g r i d  
poj n t s .  The  e i g e n v a l u e s  r e t r i e v e d  i n  t h i s ’  case c o n v e r g e  more 
r a p i d l y  w i t h  a smaller  number o f  e l e m e n t s .  
I n a d v e r t e n t l y ,  i n i t i a l  p rog ram r u n s  u s i n g  NASTRAN w e r e  
d o n e  u n d e r  t h e  lumped mass c o n d i t i o n s .  A f t e r  s u b s e q u e n t  
c h e c k s  of t h e  r e s u l t s  f rom NASTRAN e m p l o y i n g  t h e  c o n s i s t e n t  
mass f o r m u l a t i o n ,  i t  w a s  found  t h a t  t h e  f i n i t e  e l e m e n t  models 
had b e e n  c o n s t r u c t e d  w i t h  a s u f f i c i e n t  number o f  e l e m e n t s  
l o r  yood c o n v e r g e n c e  o f  n a t u r a l  f r e q u e n c i e s  o f  lower modes. 
A 1  1 N A S T H A I J  r u n s  were done  u s i n g  c o n s i s t e n t  mass t h e r e a f t e r .  
1,o;tdi n 2  and  Geonietric - -- C o n s i d e r a t i o n s  --__ --- 
To p r o p e r l y  d i s t r i b u t e  t h e  c o n t i n u o u s  u n i f o r m  e l a s t i c  
b o u n d a r y  r e s t r a i n t s  a l o n g  e a c h  e d g e  o n  t h e  f i n i t e  e l e m e n t  
i n o c l c : l s ,  e q u i v a l e n t  d i s c r e t e  v a l u e s  m u s t  be a e t e r m i n e d .  A 
s c a l a r  s p r i n q  w a s  a t t a c h e d  t o  e a c h  e d g e  g r i d  p o i n t  a n d  v a l u e s  
w c r  (x a s s i g n c u  a c c o r d i n g  t o  t h e  f o r m u l a ,  
H~ or K i  NASTRAN = ( R i  or  K i  / u n i t  l e n g t h )  x s i d e  l e n g t h  
# e l e m e n t s  a long  side 
( 4 7 )  
Ia’igurc ( 4 )  s h o w s  how t h e  v a l u e s  were c o n c e n t r a t e d  a t  a t y p i c a l  
c d g c  g r i d  p o i n t .  S p e c i a l  c o n s i d e r a t i o n  was g i v e n  t o  t h e  
c o r n e r  p o i n t s  fo r  e a c h  r e s p e c t i v e  s i d e  which  n e c e s s i t a t e d  
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- - 
' .. 
- 
t h e  a s s i g n m e n t  of v a l u e s  e q u a l  t o  o n e  h a l f  t h o s e  f r o m  
e q u a t i o n  ( 4 7 ) .  
K i  or R i  Continuous t Xi or Ri D i s c r e t i z e d  I 
S i m i l a r  t o  t h e  d i s c r e t i z e d  s p r i n g  v a l u e s ,  t h e  u n i f o r m  
p r e s s u r e  load mus t  be d i v i d e d  a n d  c o n c e n t r a t e d  f o r  no rma l  
i n c i d e n c e  a p p l i c a t i o n  a t  e v e r y  g r i d  p o i n t .  The e q u i v a l e n t  
g r i d  p o i n t  load a m p l i t u d e  v a l u e s  were d e t e r m i n e d  a s ,  
P N A S T w N  = L P  / u n i t  area 1 x t o t a l  area 
t o t a l  # of e l e m e n t s  
F i g u r e  ( 5 )  d i s p l a y s  t h e . e q u i v a L e n t  g e o m e t r i c  a p p l i c a t i o n  of 
Pressure, P D i s c r e t i z e d  t Pressure, p Continuous ( Uniform 1 t 
Area of Uniform Loading Area Covered by Discrete 
Loading Values 
F i g u r e  ( 5 ) .  
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load  at typical grid points. Aq’ain, special consideration is 
required. The edge grid points carried a load amplitude of 
oncx half the values from equation ( 4 8 )  and the corner points 
werc assigned 1/4 values. 
The accuracy of results returned by this finite element 
model was previously demonstrated (5). 
I .  
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CHAPTER 5 
R e s u l t s  and  Compar i sons  
Iq'rcqucncy and Res t r a in t  Parameters  - -
I n  order t o  assess t h e  v a l i d i t y  of t n e  s i n g l e  t e r m  H i t z  
s o l u t i o n  d e r i v e d  u s i n g  e l a s t i c a l l y  s u p p o r t e d  beam f u n c t i o n s  
a n d  t h e  r e s u l t s  g i v e n  by  NASTRAN, c o m p a r i s o n s  a r e  now made t o  
f ' rcquency  p a r a m e t e r  s t u d i e s  p r e s e n t e d  i n  t h e  l i t e r a t u r e  u n d e r  
v a r i o u s  selected e d g e  c o n d i t i o n s  a n d  aspect r a t i o s .  T h e r e  i s  
a v a s t  amount  o f  l i t e r a t u r e  a v a i l a b l e  o n  t h e  d e t e r m i n a t i o n  o f  
f r e q u e n c y  to r  t h e  c lass ica l  s i m p l y - s u p p o r t e d ,  clamped a n d  f r e e  
b o u n d a r y  c o n d i t i o n s  a n d  t h e  2 1  poss ib le  c o m b i n a t i o n s  f r o m  t h e  
mix ing  of t h e s e  t h r e e  among t h e  f o u r  edges.  I n  g e n e r a l ,  those  
ciiscs a r e  c o n s i d e r e d  s p e c i a l  l i m i t i n g  cases f o r  t h e  c u r r e n t  
s t u d y .  M a i n l y ,  c o m p a r i s o n s  are  made t o  t h e  p u b l i s h e d  r e s u l t s  
t h a t  add res s  t h e  p rob lem of e l a s t i c a l l y  r e s t r a i n e d  p l a t e s  a s  
most h a v e  been shown t o  c o n v e r g e  o n  acceptea v a l u e s  o f  f r e -  
q u e n c y  f o r  t h e  c lass ica l  cases. Therefore ,  t h e  c lass ica l  edge 
c o n d i t i o n s  a r e  n o t e d  o n l y  a s  t h e y  o c c u r  i n  t h e  l i m i t i n g  case. 
* 
The a v a i l a b l e  l i t e r a t u r e  o n  v i b r a t i o n  of p l a t e s  w i t h  e l a s t i c  
r e s t r a in t s  i s  s p a r s e ,  however ,  e s p e c i a l l y  f o r  p la tes  p o s s e s s i n q  
b o t h  t r a n s l a t i o n a l  and  r o t a t i o n a l  s p r i n g s  a t  t h e  b o u n d a r i e s .  
* Numer ica l  v a l u e s  f o r  z e r o  a n d  i n f i  i t e  s p r i n q  s t i f f n e s s  
used i n  t h i s  s t u d y  were a n d  IO'', r e s p e c t i v e l y .  
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So t h a t  t h e  r e s u l t s  may be g e n e r a l i z e d  and  c o n s i d e r e d  
for a l l  u n i f o r m  i s o t r o p i c  p a n e l s ,  t h e  f r e q u e n c y  a n d  r e s t r a i n t  
~ m r a m c t e r s  are n o n - d i m e n s i o n a l i z e d  a c c o r d i n q  t o  the f o r m u l a s  
y i v c n  by Warbur ton  and  Edney ( 1 2 ) .  The  a i m e n s i o n l e s s  f r e q u e n c y  
p a r a m e t e r  i s  d e f  i n c d  a s ,  
= W b2jp% ( 4 9 )  
and  t h e  r o t a t i o n a l  a n d  t r a n s l a t i o n a l  r e s t r a i n t  p a r a m e t e r s  
a r c  g i v e n  a s ,  
4 
R = R b / D  x=o,  a 
= R a / D  y=o,  b 
* 
K = Kb:/D X"0,  a 
= Ka / D  y=o,  b 
( 5 0 )  
(51) 
The method g i v e n  by C a r m i c h a e l  (13) is g e n e r a l l y  r e g a r d e d  
a s  a n  a c c e p t a b l e  R i t z  a p p r o x i m a t i o n  t o  d e t e r m i n e  n a t u r a l  f r e q -  
u e n c i e s  for t h e  cases when edges are b e t w e e n  s i m p l y - s u p p o r t e d  
a n d  clamped ( i e .  i(=inf a s  R v a r i e s ) .  T a b l e  (1 )  shows t h e  com- 
~ m r i s o n  of f r e q u e n c y  f o r  selected v a l u e s  of r e s t r a i n t .  The 
f i r s t  t h r e e  modes a t  t h r e e  v a l u e s  o f  r e s t r a i n t  p a r a m e t e r  f o r  
f i v e  a s p e c t  r a t i o s  a r e  d i s p l a y e d .  I t  i s  s e e n  t h a t  t h e  new 
e l a s t i c  H i t z  a p p r o x i m a t i o n  t e n d s  t o  d e f a u l t  t o  C a r m i c h a e l ' s  
r e s u l t s  t o  w i t h i n  1%. The d i s c r e p a n c y  be tween  t h e  f i n i t e  
c>lcment  s o l u t i o n  and  t h e  r e s u l t s  o f  b o t h  R i t z  s o l u t i o n s  i s  
s l i g h t l y  g r e a t e r  a n d  t e n d s  t o  i n c r e a s e  a s  t h e  a spec t  r a t i o  
decreases. The maximum p e r c e n t  d i f f e r e n c e  i s  7 #  o c c u r r i n g  a t  
a n  a spec t  r a t i o  of 0.2. 
Figure. ( 6 )  shows t h e  v a r i a t i o n  o f  f u n d a m e n t a l  f r e q u e n c y  
p a r a m e t e r  fo r  a square p l a t e  a s  b o t h  t y p e s  o f  r e s t r a i n t  v a r y  
f r o m  v a l u e s  o f  z e r o  a n d  i n f i n i t y  a s  g i v e n  by Warbur ton  a n d  
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Comparison of Characteristic Frcqupncy Pilran*tamr 
K 1 = K 2 = K 3 = K 4 =  in f  , R,=lt2=lt3=lt4=i4 
1 b/a I Rb/D Ii mode 1 I mode 2 1 mode 3 
1 .o E 19.74 49.35 78.95 * *  1 9&56 4 R .  9 0  76.64 * * *  31.1b 64.52 Yb.17 -- 31.16 64.52 96.15 * *  
35.13 45.79 
16.03 34.81 
25.86 46.17 
23.89 
10.26 
I 52.13 I 70.61 I * * *  
, 1 13.42 I 74.08 I 41.03 I 
28.06 35.59 * * *  
11.45 13.42 
1 1  .44 13.41 * *  
13.42 714.08 41.84 * *  
1 3 . 3 3  23.67 41.21 * * *  
22.34 32.68 50.63 
21 - 8 4  32.53 50.86 * *  
21.26 31.88 50.51 * * *  
25.97 37.43 57.20 
25.96 37.42 57.17 * *  
0 .6  
inf 
20.22 
21.34 
1 3  0 4Y 
25.98 36.76 56.35 * * *  
11.45 16.19 24.08 
11.45 16.18 24.08 * *  
21.67 * *  
22.YH * * *  
24.92 
11.44 15.97 23.45 * * *  
20.42 24 .54  31.98 * *  
20.88 24.131 32.92 ***  
23.70 . .  35.56 
. .  31.26 
I I inf I 23.68 I 27.90 I 35.53 I * *  
I 11.92 I 14.43 I * * *  I +I :::it I 20.17 I 2 1.54 I 
23.42 21.85 * *  I I I I 24.86 I 25.62 1 * * *  
Carmichael (Ref. 1 3  1 
* *  Hit2 Solution herein 
***  Nastran P.E. models 
tabla (1) 
Edney. All boundaries are subject. to equal restraint. The 
curve labeled R* =S and K* =inf shows variation from simply- 
supported to clamped eclqes and the lowest curve marked R* =O 
and K =S displays the changes between the limiting free and 
simply-supported boundary conditions. Intermediate to these 
two curves (marked R* =S and K* =:SI is the change in frequency 
. -  . .  . . . ' ?, . . ~ . . -  .. ... . . . .  . , i . . .  . 
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as the edges of the plate vary from free to clamped conditions 
as h0t.h rotational and t.ransverse boundary stiffnesses are 
increased simultaneously. As stated previously, the assumed 
displacement functions used by Warburton and Edney consisted 
of a weighted summation of beam functions displaying the 
simply-supported, clamped, free and sliding end conditions. 
40 
Pi ure (0 .  Variation of fundamental frequency parmeter 
restraint parameters. Identical boundary conditrens on 
a11 odger. (Taken from reference (121). 
dll of a square plate with tran8lational and rotational 
In comparison, figure ( 7 )  displays the same study of 
variation of fundamental frequency as returned by the Ritz 
solution assuming beam displacement functions that satisfy 
the general elastic edge conditions and results given by the 
NASTRAN finite element solution. The top and bottom curves, 
corresponding to changes in one type of boundary spring while 
the other is held constant, show good agreement to the results 
of figure (610 Indeed, the results of all upper and lower 
curves agree to within 1% for both figures. The intermediate 
curve of figure ( 7 1 ,  however, displays a notable discrepancy 
when compared to figure (6). The elastic Ritz and finite 
element solutions agree to within 5% but both return decidedly 
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lower v a l u e s  o f  f r eque :ncy  f o r  a l ' l  v a l u e s  of S o n  t h e  m i d d l e  
c u r v e  e x c e p t  f o r  t h e  l i m i t i n g  cases o f ' t h e  f r e e  a n d  c l amped  
b o u n d a r y  c o n d i t i o n s .  
ad E 
a11 
R i t z  Sol 'n 
F.E. Sol 'n  
S 
t i o u r e  (71. V a r i a t i o n  of f u n d a u n t a l  frequency parameter 
r e s t r a i n t  paramrtcrs. I d e n t i c a l  boundary condrtrons on 
a l l  edges.  
all of a mquarre p l a t e  w i t h  t r a n s l a t i o n a l  and r o t a t i o n a l  
R e t u r n i n g  t o  discrete n u m e r i c a l  c o m p a r i s o n s ,  F i l i p i c h ,  
Heyes a n d  Ross1 (6) t a b u l a t e d  v a r i o u s  f u n d a m e n t a l  f r e q u e n c y  
r e s u l t s  f o r  selected v a l u e s  of r o t a t i o n a l  a n d  t r a n s l a t i o n a l  
r e s t r a i n t .  They a s sumed  f u n c t i o n s  g i v e n  by, 
W ( x , y ) =  f: ci x i  y 1  
i=l 
w h e r e ,  
a n d ,  
xi = Q~ x4/a4 + pi x2 /a2  + 1 
( 5 2 )  
( 5 3 )  
y i  = cos(mi y/b)  ( 5 4 )  
a n d  t h e  c o m p u t a t i o n s  were e x e c u t e d  u s i n g  t h e  G a l e r k i n  method.  
T a b l e  ( 2 )  shows t h e s e  r e s u l t s  f o r  t h e  case o f  e q u a l  rotat ional  
res t ra in t  o n  a l l  e d g e s  f o r  a square p l a t e  w h i l e  t h e  t r a n s v e r s e  
e d g e  r e s t r a i n t  i s  h e l d  t o  i n f i n i t y .  T h i s  case c o r r e s p o n d s  t o  
t h e  t o p  c u r v e s  of f i g u r e s  ( 6 )  and  ( 7 ) .  F o r  f u r t h e r  c o m p a r i s o n ,  
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36.01 35.33 31.10 
35.99' 34.75 
36.09 34.78 29.55 
3S.76 3 4 . 4 6  29.32 all 
t h e  resul ts  g i v e n  by Mukhopadhyay ( 7 )  who used a s e m i - a n a l y t i c  
s o l u t i o n  m e t h o d  by a p p l y i n g  r o t a t i o n a l l y  r e s t r a i n e d  beam 
f u n c t i o n s  i n  o n e  coordinate d i r e c t i o n  a n d  a f i n i t e  d i f f e r e n c e  
a p p r o x i m a t i o n - i n  t h e  o t h e r  d i r e c t i o n .  The  l i m i t i n g  s i m p l y -  
s u p p o r t e d  a n d  c lamped f r e q u e n c y  p a r a m e t e r  v a l u e s  f rom L e i s s a  
22.90 20.13 19.74 
20.51 19.84 19.74' * *  
21.51 19.94 19.78 * * *  
21.32 19.75 19.56 **** 
(11) a r e  a l s o  i n c l u d e d .  T a b l e  ( 2 )  shows  g e n e r a l  a g r e e m e n t  
be tween  a l l  s o l u t i o n s ,  however  a maximum p e r c e n t  d i f f e r e n c e  
of 1 0 . 5 %  e x i s t s  be tween  t h e  r e s u l t s  of r e f e r e n c e s  ( 6 )  a n d  ( 7 ) .  
T h e  e las t ic  R i t z  s o l u t i o n  a n d  t h e  f i n i t e  e l e m e n t  r e s u l t s  
d i f f e r e d  f rom a l l  by n o  more t h a n  5%.  
Comparison of fundamental frequency parameter 
Square plate 
Kl-K2=K3-K4=inf RI-R~=WJ=H~=R 
T a b l e  ( 3 )  g i v e s  r e s u l t s  t h a t  c o r r e s p o n d  t o  t h e  c u r v e  
w a s  good a g r e e m e n t  d e m o n s t r a t e d  o n  t h e  lower c u r v e s  o f  t h o s e  
g r a p h s ,  t h e  n u m e r i c a l  data of t a b l e  ( 3 )  y i e l d s  a d i s c r e p a n c y  
of a s  much a s  50% be tween  t h e  G a l e r k i n  method o f  r e f e r e n c e  
( 6 )  and t h e  t w o  s o l u t i o n s  u s e d  i n  t h i s  s t u d y .  Odd ly ,  W a r b u r t o n  
a n d  Edney o n l y  m e n t i o n e d  t h e  comparative r e s u l t s  s t a t i n g  
q u a l i t a t i v e l y  t h a t  t h e r e  w a s  good a g r e e m e n t  b e t w e e n  t h e i r  
. 
r e s u l t s  a n d  t h o s e  of F i l i p i c h ,  R e y e s  a n d  Rossi. No n u m e r i c a l  
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d a t a  was g i v e n  t o  s u b s t a n t i a t e  t h e  s t a t e m e n t .  Aga in ,  t h e  
a g r e e m e n t  be tween  t h e  e l a s t i c  R i t z  a n d  f i n i t e  e l e m e n t  s o l u t i o n s  
for t h i s  case is t o  w i t n i n  1% a n d  t h e  closeness o f  t h e s e  
resul ts  t o  t h o s e  o f  Warburton a n d  Edney f o r  R* =O a n d  K* =S 
is s e e n  o n  t h e  b o t t o m  c u r v e  o f  f i g u r e s  (6) a n d  ( 7 ) .  
Comparison of fundamental frequency parameter 
Square p l a t e  
R I = R ~ = R J = R , I ' O  Kl'K2=K3'K4=K 
.. 
F i l i p i c h ,  Reyes L Rosri (Ref. ( 6 ) )  
' e *  Ritz Solut ion herein 
t.0 rustran F .E .  S o l u t i o n  
Table (31 
A s  a f i n a l  example  of e q u a l  r e s t r a i n t  o n  a l l  o f  t h e  f o u r  
e d g e s ,  t h e  r o t a t i o n a l  r e s t r a i n i n g  s p r i n g s  are h e l d  a t  i n f i n i t e  
s t i f f n e s s  r a t h e r  t h a n  zero shown i n  table  ( 4 ) .  The t r a n s v e r s e  
e d g e  r e s t r a i n t  is allowed t o  v a r y  a n d  t h e  f u n d a m e n t a l  f r e q -  
uency  p a r a m e t e r  is t abu la t ed  f o r  selected v a l u e s .  T h i s  case 
may be c o n s i d e r e d  a s  a s l i d i n g  b o u n d a r y  o n  f o u n d a t i o n  s p r i n g s .  
The r e s u l t s  d i s p l a y  a s imi l a r  d i s a g r e e m e n t  of f r e q u e n c y  b e t w e e n  
t h e  G a l e r k i n  s o l u t i o n  a n d  t h e  t w o  s o l u t i o n s  o f  t h i s  t reatise.  
F i l i p i c h ,  Reyes  a n d  Ro:ssi a c h i e v e d  f r e q u e n c y  c a l c u l a t i o n s  
t h a t  were h i g h e r  t h a n  t h e  e l a s t i c  R i t z  a n d  f i n i t e  e l e m e n t  
r e s u l t s  w i t h  a 60% d i s c r e p a n c y  a t  K = l o .  A s  b e f o r e ,  t h e  e las t ic  
* 
R i t z  a n d  NASTRAN r e s u l t s  were i n  close a g r e e m e n t  w i t h  n o  more 
t h a n  5% d i f f e r e n c e  n o t e d .  
T a b l e s  (51, (6) a n d  ( 7 )  address t h e  cases where  p a r a l l e l  
sides o f  a s q u a r e  p l a t e  are r e s t r a i n e d  t o  t h e  same degree. The 
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Comparison of fundamental frequency parameter 
Square plate 
R1-R2=R3=R4=inf Kl=K7-K3=K4=K 
Filipich, Reycs L Rotsi (Ref. ( 6 ) )  
* *  Ritt Solution herein 
* * *  Nastran F.E. Solution 
Table ( 4 )  
solutions used for comparison and the variations of boundary 
spring parameter are similar as for  tables ( 2 1 ,  ( 3 )  and ( 4 1 ,  
respectively. First, the transverse edge restraint is held to 
infinite stiffness as changes are made to the rotational 
restraint. The variations of fundamental frequency are disp-  
layed in table ( 5 ) .  The results of the top row correspond to 
the case where one pair of opposite edges are clamped while 
the rotational restraint on the remaining parallel sides is 
relaxed to converge on the case of opposite sides clamped and 
the remaining boundaries are simply-supported. An exact value 
results when parallel edges are simply-supported and is taken 
from reference (11) for comparison. The bottom row of table 
( 5 )  shows the variation of frequency as two opposite boundaries 
are held at the R=O (simply-supported) value and the remaining 
two sides change from the clamped (R=inf) to.the simply- 
supported condition. All solutions show good agreement and 
display at most 3% difference. 
Presented in table ( 6 )  is the variation of frequency as 
parallel edqes are changed from simply-supported to free end 
conditions. The rotational restraint is set to zero and the 
transverse boundary spring is allowed to vary numerically 
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0 
28.96 
28.95' * *  
28.99 * * *  
28.77 * * e *  
0 
19.74 
19.74' * *  
19.74 * * *  
19.56 * * * e  
A 
Cornpatiion of fundamental f rcquency parameter  
Square p l a t e  
K 1 = K 2 = K 3 = K 4 = i n f  R1=R2=Ry R3=R4=Rx 
10 
33.43 
~ 32.49 
' 3 2 . 2 3  ' 10 
26.03 
' 2 5 . 5 3  
25.33 
1 0.1 
29.46 28.97 
28.80 28.22 
29.61 29.05 
29.39 28.85 
1 0.1 
21.38 19.94 
20.65 19.84 
20.64 19.84 
20.46 19.66 
28.95 28.23 
28.99 28.21 I 28.77 1 27.99 
R b/D-inf 
RZb/D i n f  
36.01 
35.99' 
36.09 
35.76 a11 
Ryb/D*O 
Rxb/D i n f  
28.96 
I I - 
- 
100 
35.67 
34.71 
35.45 
35.12 
- 
-
100 
28.54 
F i l i p i c h ,  Reycs b Rossi (Ref .  ( 6 ) )  
* *  nukhopadhyay ( R e f .  ( 7 )  ) * **  R i t z  S o l u t i o n  h e r e i n  9 .  
**.* Nastra,n F.E. S o l u t i o n  - , L a i s s a 8  (Ref. (11)) 
froin i n f i n i t y  t o  zero.  The e l a s t i c  R i t z  s o l u t i o n  snows a more 
r a p i d  d e s c e n t  t h a n  e i t h e r  t h e  G a l e r k i n  s o l u t i o n  o f  r e f e r e n c e  
( 6 )  or t h e  NASTRAN f r e q u e n c y  p r e d i c t i o n s .  I n t e r m e d i a t e  t o  
t h e  l i m i t i n g  cases o f  a l l  e a g e s  s i m p l y - s u p p o r t e d  o r  f r e e  i s  
t h e  case of  o p p o s i t e  sides free w h i l e  t h e  o t h e r  p a r a l l e l  
edges are  s i m p l y - s u p p o r t e d .  T h i s  case has  a n  e x a c t  v a l u e  a n d  
is  q i v e n  by  Leissa ( 1 1 )  a s  9 . 6 3 1 4 .  A l t h o u g h  t h e  v a l u e s  o f  t h e  
c l a s t i c  R i t z  a n d  G a l e r k i n  s o l u t i o n s  t e n d  t o  c o n v e r g e  o n  t h i s ,  
t h e  f i n i t e  e l e m e n t  s o l u t i o n  g i v e s  a n  i n f l a t e d  v a l u e  w i t h  a 
p e r c e n t  d i f f e r e n c e  of  7 6 % .  Convergence  o f  t h e  NASTRAN r e s u l t s  
is e x h i b i t e d  f o r  o n l y  cases o f  e q u a l  r e s t r a i n t  o n  a l l  edges 
i n  t a b l e  ( 6 ) .  
F o r  t h e  s t u d y  shown i n  t a b l e  ( 7 1 ,  t h e  r o t a t i o n  on  t h e  
s i d e s  is c o m p l e t e l y  c o n s t r a i n e d  ( i e .  R = i n f )  w h i l e  t h e  t r a n s -  
l a t i o n a l  b o u n d a r y  r e s t r a i n t  is c h a n g e d  f o r  e q u a l  v a l u e s  o n  
p a r a l l e l  e d g e s  between i n f i n i t y  a n d  zero. The r e s u l t s  show 
. .  
19.74 
19.74 
19.56 
a11 
. -  . .  
19.66 18.91 14.76 10.57 9.642 
19.33 16.54 11.31 10.03 9.671 
19.03 17.77 17.09 16.99 16.98 
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-- 
9.642 
9.676 
16.98 
a11 
good  a g r e e m e n t  be tween  t h e  e l a s t i c  R i t z  and  f i n i t e  e l e m e n t  
s o l u t i o n s ,  however b o t h  are much lower t h a n  t h e  r e s u l t s  of 
I 
9.49 9 . 3 9 .  8.01 3.93 0 
9.40 8.28 4 .14  1.43 0 
15.91 11.08 4.34 1 . 4 1  0 
r e f e r e n c e  ( 6  1 .  
Nybi/D-O 1 
Nxb / D  i n f  I000 100 10 
22.39 22.15 20.15 11.38 3.96 
22.37 20.55 12.38 4.42 1 . 4 4  
22.94 21.02 13.24 4.44 1 . 4 1  a11 
Comparison o f  fundamental f requency parameter  
Square p l a t e  
R ~ - R ~ - R J = R ~ = U  Kl'K2P K, K3=K4=KX 
0 
0 
0 * *  
0 
I I I I I 
F i l i p i c h , '  Reyes L Rossi (Ref. ( 6 ) )  
I SS-Fr-SS-Fr Case, V a l u e  from 
* *  R i t z  S o l u t i o n  h e r e i n  
* * *  Nast ran  F.E. S o l u t i o n  
L e i s s a  (Ref .  (111) - 9.6314 
Table  ( 6 )  
I 
Table  ( 7 )  
Tables  ( 8 1 ,  ( 9 )  a n d  ( 1 0 )  d i s p l a y  c o m p a r i s o n s  of c h a r a c -  
t e r i s t ic  f r e q u e n c y  parameter for selected cases g i v e n  b y  
Mukhopadhyay when edges are r e s t r a i n e d  t o  d i f f e r e n t  degrees., 
T h e  b o u n d a r i e s  o f  t h e  p l a t e  are c o m p l e t e l y  c o n s t r a i n e d  i n  t h e  
t r a n s v e r s e  d i r e c t i o n  ( i e .  K = i n f ) .  As s u c h ,  edge c o n d i t i o n s  
l i e  be tween  t h e  s i m p l y - s u p p o r t e d  a n d  clamped s t a t e s .  Each  of 
t h e  t a b l e s  p r e s e n t s  r e s u l t s  for pla tes  w i t h  boundary  s p r i n g s  
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on o n l y  o n e  s i d e  a t  x=a ( i e .  siae marked 2 o n  f i g u r e  ( 1 ) ) .  
The remain ing  t h r e e  s i d e s  are h e l d  a t  e i t h e r  t h e  clamped o r  
s i m p l y - s u p p o r t e d  c:ondition. Frequency r e s u l t s  a re  g i v e n  f o r  
f o u r  modes a t  t h r e e  v a l u e s  o f  r e s t r a i n t  p a r a m e t e r .  The a s p e c t  
r a t i o s  s e l e c t e d  are f o r  b/a=l.O, 2 . 5  and  0 . 4 .  The r a t i o  o f  
2.5 was chosen  s i n c e ,  f o r  t h e  cases o f  unsymmetric boundary  
r e s t r a i n t s ,  n a t u r a l  f requenc,y i s  dependent  on  t h e  magni tude  
o f  r e s t r a i n t  and t h e  s i d e  l e n g t h  upon which it i s  a p p l i e d .  
T h i s  r a t i o  w a s  a c h i e v e d  by i n t e r c h a n g i n g  t h e  x and  y coor- 
d i n a t e  a x e s  on t h e  p l a t e  w i t h  b/a=0.4.  
I n  table  ( 8 1 ,  t h r e e  s i d e s  o f  t n e  p a n e l  a r e  he ld  a t  t h e  
s i m p l y - s u p p o r t e d  s t a t e  w h i l e  t h e  f o u r t h  edge  i s  s u b j e c t  t o  
e l a s t i c  r o t a t i o n a l .  s u p p o r t .  Three  select v a l u e s  o f  r e s t r a i n t  
parameter are d i s p l a y e d .  The agreement  o f  comparison o f  
results o f  r e f e r e n c e  ( 7 )  a re  good, i n  g e n e r a l .  The NASTRAN 
f i n i t e  e l e m e n t  s o l u t i o n  g ives  s l i g h t l y  lower v a l u e s  f o r  a l l  
cases o t h e r  t h a n  t.ne f i r s t  mode a t  b/a=0.4.  T h e  e l a s t i c  H i t z  
s o l u t i o n  agrees  m o r e  c l o s e l y  w i t h  t h e  r e s u l t s  o f  Mukhopadhyay. 
The maximum p e r c e n t  d i f f e r e n c e  n o t e d  i s  3 % .  
F o r  t h e  cases p r e s e n t e d  i n  t a b l e  ( 9 1 ,  t h r e e  o f  t h e  s i d e s  
a r e  clamped a s  t h e  f o u r t h  edge  is r e s t r a i n e d  e l a s t i c a l l y  i n  
r o t a t i o n .  Again ,  t.he results o f  a l l  s o l u t i o n s  show g e n e r a l  
agreement, however. f o r  hi9he.c modes a t  b/a=2.5,  t h e  e l a s t i c  
R i t z  and f i n i t e  e l e m e n t  f r e q u e n c i e s  a r e  h i g h e r  t h a n  t h o s e  of 
r e f e r e n c e  ( 7 ) .  The! maximum p e r c e n t  d i f f e r e n c e  i s  f o u n d  t h e r e  
and i s  a p p r o x i m a t e l y  4 % .  
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Comrmri son of Character isti c Frequency Pa rametcr 
b/a 
K1=K2=K3=K4=inf RI=H3=H4=0 R 2 = R  . 1 i 
Rb/D mode 1 mode 2 mode 3 mode 4 
19.46 49.21 49.35 79.88 
19.56 48.90 48.91 77.65 *. 
20.19 49.32 50.15 79.43 
0.001 19.74 49.35 49.36 78.95 * *  
1.0 
A 
1.0 20.19 49.54 50.09 79.42 b b  
20.00 49.08 49.67 78.12 * * *  
23.60 51.30 57.21 05.89 
23.17 50.85 57.57 84.91 ***  
100.0 23.44 51.77 57.75 85.39 
0.001 11.45 16.19 24.08 35.13 
11.44 16.01 23.54 34.27 * * *  
10.4 I 1.0 I 11.51 I 16.32 I 24.29 I 35.39 I ** I 
I 11.42 16.22 24.21 35.35 
Hukhopadhycry ( R e f .  (7)) 
** R i t s  So lu t ion  h e r e i n  
* *a  Nastran P.E. S o l u t i o n  
Tab10 ( 8 )  
100.0 
Table (10) gives results for the case of a plate pos- 
sessing clamped boundary conditions on two adjacent edges. 
one of the remaining edges is simply-supported and the last 
is elastically restrained in rotation. The results show 
similar agreement as tables ( 8 )  and (9). It is noted that 
the elastic Ritz and NASTRAN solutions give frequencies that 
are not consistently higher or lower but may be either. The 
11.49 16.13 23.75 34.56 
11.67 17.06 25.70 37.51 
11.81 17.17 25.81 37.62 ** 
11.71 16.91 25.25 36.95 ***  
maximum percent difference is approximately 6 % .  
The final comparison of frequency is given in table (11). 
Since no data is available in literature for unsymmetric 
elastic boundary conditions with both translational and 
rotational springs, tnese results compare only the elastic 
~~ ~ 
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R i t z  a n d  NASTRAN f i i n i t e  e l e m e n t  s o l u t i o n s .  The f u n d a m e n t a l  
f r e q u e n c y  p a r a m e t e r  i s  t a b u l a t e d  f o r  selected v a l u e s  of 
r e s t r a i n t  f o r  a s q u a r e  p l a t e .  The r o t a t i o n a l  a n d  t r a n s l a t i o n a l  
d i m e n s i o n l e s s  r e s t r a i n t  p a r a m e t e r s  are  h e l d  e q u a l  i n  mag- 
n i t u d e  a t  200. Edges  are  c lamped u n l e s s  s p e c i f i e d  w i t h  
r e s t r a i n i n g  v a l u e s .  E x c e p t  f o r  t h e  case o f  all e d g e s  clamped, 
t h e  f i n i t e  e l e m e n t  f r e q u e n c y  p r e d i c t i o n  i s  h i g h e r  t h a n  t h e  
elast ic  R i t z  r e s u l t s .  The a g r e e m e n t ' o f  t h e  t w o  is g e n e r a l l y  
good, however  a n  8 . 4 %  d i f f e r e n c e  i s  s e e n  f o r  t h e  case o f  
pa ra l l e l  e d g e s  e l a s t i c a l l y  r e s t r a i n e d  w i t h  t h e  r e m a i n i n g  t w o  
b o u n d a r i e s  c l amped .  
Corpari mon of Charact cr is tic Frequency Parame t a r  
K1=lK2-K3=K4-inf R1=R3-R4-inf Rt=R 
1.0 1.0 
0.4 1.0 
nukhopadhyay ( R e f .  ( 7 9  1 
* *  R i t t  So lut ion h e r e i n  
*** Naatran P .E .  S o l u t i o n  
I a s p e c t  r a t i o  (b /a l -2 .5  achieved by 
interchanging x and y 
Tablo ( 9 )  ' 
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27.68 
29.31 
31.31 
31.59 
31.23 
105.43 
105.73 
Comparison of C h a r a c t e r i s t i c  Frequency parameter  
K1-K2-K3-K4- inf  R1-R3-inf R4-O H2-H 
61.15 61.76 93.62 **  
60.51 61.17 90.82 * * *  
61.41 7 0 . 0 5  99.04 
63.39 70.32 100.23 * *  
62.56 70.18 99.08 * * *  
133.17 181.15 240.41 
133.99 183.53 254.55 *. 
Y 0.001 
105.73 
110.67 
107.97 
108.02 
144.09 
100.0 -I= 0.001 
133.12 180.59 250.14 * * *  
137.32 182.24 242.75 
135.67 184.66 255.26 * *  
134.89 181.87 251.07 * * *  
166.76 208.55 270.01 lI 100.0 
16.94 
16.95 
16.69 
17.18 
0.001 
0.4 
100.0 
21.56 29.57 40.98 ** 
21.42 29.10 40.31 *** 
21.85 30.53 42.55 
22.40 31.11 43.27 ** 
mode 1 I mode 2 I mode 3 I mode 4 I I 
26.84 I 58.88 I 60.59 I 91.69 I f .  
27.21 61.01 61.02 93.13 I 
26.81 I 60.19 I 60.49 I 90.31 I * * *  
27.35 I 59-09 I 61.36 I 92.21 I 
17.16 I 22.18 I 30.65 I 42.85 I * * *  I 
Hukhopadhyay ( R e f .  ( 7 1 )  
*. R i t z  So lu t ion  h e r e i n  
*** Nastran P.E. S o l u t i o n  
I a r p e c t  r a t i o  (b/a)-2.5 ach ieved  by 
in t e rchang ing  x and y 
Tmblo (10) 
Cornpariron of ?undamcntal ?requency Parameter  
Square P la te  
Ri-Rib/D K;=Kib3/D 
S R i t z  S o l u t i o n  h e r e i n  
$S Nart ran  P.E. s o l u t i o n  
Tablo (11) 
~ ~ 
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D i s p l a c e m e n t ,  A c c e l e r a t i o n  S t r a i n  - 
The r e s p o n s e  c a l c u l a t i o n s  n e c e s s a r y  for  d e s i g n  a n d  c o n t r ~ o l  
of f l e x i b l e  s t r u c t u r e s  i s  n o t  l i m i t e d  t o  f r e q u e n c y  p r e d i c t i o n .  
A l though  d i s c r e p a n c i e s  e x i s t  be tween a l l  methods  used t o  
p r e d i c t  f r e q u e n c y  and  academic a g r e e m e n t  o n  a n  a c c e p t e d  num- 
e r ica l  or  a n a l y t i c a l  approach and  r e s u l t s  c a n  t a k e  y e a r s ,  t h e  
p r a c t i c i n g  e n g i n e e r  n e e d s  p r e d i c t i o n  me thods  f o r  m e a s u r a b i e  
p h y s i c a l  r e s p o n s e  s u c h  a s  d i s p l a c e m e n t ,  a c c e l e r a t i o n  a n d  
s t r a i n  i n  o r d e r  t o  compare w i t h  t e s t i n g  and  real  a p p l i c a t i o n s .  
Of  course it i s  u n r e a s o n a b l e  t o  compare p h y s i c a l  r e s p o n s e  
g i v e n  b y  a method u n d e r  a n y  dynamic  load i f  the f r e q u e n c y  
p r e d i c t i o n s  are u n r e a l i s t i c  or disagree.  T o  t h i s  e n d ,  sample 
c o m p a r i s o n s  of  t h e  p h y s i c a l  r e s p o n s e s  are now g i v e n .  
I t  w a s  s t a t ed  earlier m a t  t h e  l o a d i n g  i s  assumed t o  be 
a series of harmon:ic i n p u t s  to t h e  m e c h a n i c a l  sys t em.  The 
a d d i t i o n a l  a s s u m p t i o n  of l i n e a r  small d e f l e c t i o n  p l a t e  t h e o r y  
a l l o w s  t h e  u s e  o f  s u p e r p o s i t i o n .  T h a t  i s ,  i f  t h e  l o a d i n g  c a n  
be r e p r e s e n t e d  by  i i  harmonic  series, t h e  r e s p o n s e  from e a c h  
term i n  t h e  series may be c a l c u l a t e d  i n d i v i d u a l l v  and  summea 
o v e r  t h e  series f o r  t o t a l  r e s p o n s e .  T h i s  summation c a n  a l s o  
b e  carried o u t  s e p a r a t e l y  f o r  c o n t r i b u t i o n s  t o  t o t a l  r e s p o n s e  
from o t n e r  modes of v i b r a t i o n  t h a t  may be e x c i t e d .  However, 
the fundamen ta l  mode i s  t h e  easiest  t o  e x c i t e  and  f u n d a m e n t a l  
r e s p o n s e  makes t h e  major c o n t r i b u t i o n  t o  o v e r a l l  response. 
T h i s  i s  n o t  t o  s a y  t h a t  t h e  c o n t r i b u t i o n  f rom h i g h e r  modes 
s h o u l d  n o t  be c o n s i d e r e d ,  b u t  i n  many cases, i t  c a n  s a f e l y  
be n e g l e c t e d .  Fo r  t.he r e s u l t s  p r e s e n t e d ,  l o a d i n g  i s  t a k e n  a s  
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a s p a t i a l l y  u n i f o r m  d iscre te  s i n u s o i d a l  p r e s s u r e  w i t h  a 
f r e q u e n c y  e q u a l  t o  t h e  fundamen ta l  f r e q u e n c y  of t h e  p l a t e .  
The s i n g l e  mode h a r m o n i c  s t e a d y - s t a t e  r e s p o n s e s  f o r  d i sp -  
l a c e m e n t ,  a c c e l e r a t i o n  and  s t r a i n  are  g i v e n .  Each o f  t h e s e  
r e s p o n s e s  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  s t r u c t u r a l  damping .  
T h a t  is, i f  damping  i s  d o u b l e d ,  t h e  r e s p o n s e  i s  c u t  i n  h a l f .  
The damping used  i n  t h i s  s t u d y  i s  5% c r i t i c a l  damping .  
The s o l u t i o n  o f  s t e a d y  s t a t e  h a r m o n i c  r e s p o n s e  of a 
r e c t a n g u l a r  p l a t e  s u b j e c t  t o  a u n i f o r m  p r e s s u r e  l o a d i n g  g i v e n  
by t h e  MACSYMA a ided  e l a s t i c  R i t z  f o r m u l a t i o n  i s  c o n t i n u o u s .  
T h e  root mean s q u a r e  d i s p l a c e m e n t ,  a c c e l e r a t i o n  a n d  s t r a i n  
e x p r e s s i o n s  r e p r e s e n t  a c o n t i n u o u s  d i s t r i b u t i o n  over t h e  
p l a t e  domain.  By s p e c i f y i n g  c o o r d i n a t e s  of i n t e r e s t ,  t h e s e  
r e s p o n s e  q u a n t i t i e s  c a n  be examined  a n y w h e r e  o n  t h e  p l a t e .  
A s  w e l l ,  t h e  s t r a i n  may be c a l c u l a t e d - t h r o u g h  t h e  p a n e l  
t h i c k n e s s  w i t h  t h e  s p e c i f i c a t i o n  o f  t h e  z c o o r d i n a t e .  The  
a s s u m p t i o n  o f  l i n e a r  p l a t e  t h e o r y  a n d  t h e  a b s e n c e  of s h e a r  
d e f o r m a t i o n  g i v e  a l i n e a r  d i s t r i b u t i o n  of s t r a i n  t h r o u g h  t h e  
t h i c k n e s s .  Maximum v a l u e s  o f  s t r a i n  a r e  f o u n d  a t  t h e  t o p  a n d  
bottom s u r f a c e s  of t h e  p l a t e  s i n c e  l i n e a r  t h e o r y  a s s u m e s  t h a t  
t h e  m i d p l a n e  o f  t h e  p a n e l  i s  t h e  n e u t r a l  s u r f a c e  o f  z e r o  
s t r e s s / s t r a i n .  The  t o p  a n d  bottom s u r f a c e  s t r a i n  v a l u e s  a r e  
o f  e q u a l  m a g n i t u d e .  
The f i n i t e  e l e m e n t  f o r m u l a t i o n  of NASTRAN does n o t  g i v e  
a c o n t i n u o u s  d i s t r i b u t i o n  o f  r e s p o n s e  q u a n t i t i e s .  S i n c e  t h e  
domain i s  d i v i d e d  i n t o  d iscrete  s u b d o m a i n s ,  t h e  d i s t r i b u t i o n  
of  t h e s e  n u m e r i c a l  q u a n t i t i e s  i s  d i s c o n t i n u o u s .  The  
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d i s p l a c e m e n t  a n d  a c c e l e r a t i o n  r e s p o n s e s  are  c a l c u l a t e d  a t  
n o d a l  p o i n t s  a t  t h e  c o r n e r s  j o i n i n g  e l e m e n t s  w h i l e  t h e  stresses 
are o b t a i n e d  f rom t h e  c e n t e r  o f  t h e  r e c t a n g u l a r  q u a d r i l a t e r a l  
e l e m e n t s .  T h e s e  stresses are  assumed c o n s t a n t  o v e r  t h e  e l e m e n t .  
The l i n e a r  d i s t r i b u t i o n  of stress t h r o u g h  t h e  t h i c k n e s s  of 
t h e  p l a t e  i s  r e t a i n e d  by NASTRAN, however .  
I n  order t o  make f a i r  c o m p a r i s o n s  o f  r e s p o n s e  b e t w e e n  
t h e  e l a s t i c  R i t z  a n d  NASTRAN r e s u l t s ,  t h e  p l a t e  domain  w a s  
d i s c r e t i z e d  o n  t h e  f i n i t e  e l e m e n t  moaels u s i n g  a C a r t e s i a n  
mesh c o n f i g u r a t i o n .  T h i s  c o n f i g u r a t i o n  p l a c e s  a node  p o i n t  
e x a c t l y  a t  t h e  c e n t e r  of t h e  p l a t e  e n a b l i n g  d i rec t  c o m p a r i s o n  
of c e n t e r  d i s p l a c e m e n t  and  a c c e l e r a t i o n .  W i t h o u t  mesh r e f i n e -  
men t ,  c e n t e r  stress i s  n o t  d i r e c t l y  c a l c u l a t e d  by  NASTHAN. 
I n s t e a d ,  c o m p a r i s o n s  are made a t  a p o i n t  i n  t h e  c e n t e r  o f  a n  
e l e m e n t  n e a r e s t  t h e  p l a t e  c e n t e r .  The s t r a i n  c a l c u l a t i o n s  
d o n e  u s i n g  t h e  e l a s t i c  R i t z  f o r m u l a t i o n  a r e  a d j u s t e d  t o  
c o i n c i d e  w i t h  t h e  c o o r d i n a t e s  of t h i s  n e a r  c e n t e r  p o i n t  on 
t h e  models. Re fe re r i ce  t o  f i g u r e  ( 2 )  o n  p a g e  39  c lar i f ies  t h e  
l o c a t i o n  of t h e s e  p o i n t s .  
I t  w a s  s t a t ed  ear l ie r  t h a t  NASTRAN dynamic  a n a l y s i s  
d o e s  n o t  c a l c u l a t e  s t r a i n .  S t r e s s e s  are r e t u r n e d  f r o m  cal-  
c u l a t i o n s  reques ted1  o n  a g i v e n  e l e m e n t .  For c o m p a r i s o n ,  these 
stresses are c o n v e r t e d  t o  s t r a i n s  a s s u m i n g  p l a n e  stress by 
t h e  f o r m u l a s ,  
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[Jpon r e t r i e v a l  o f  t h e  r e s p o n s e s  f rom b o t h  m e t h o d s  of 
s o l u t i o n ,  t h e  d i s p l a c e m e n t ,  a c c e l e r a t i o n  and  s t r a i n  v a l u e s  
a re  n o n - d i m e n s i o n a l i z e d .  T h i s  i s  d o n e  f o r  g e n e r a l  c o m p a r i s o n  
t o  a l l  i s o t r o p i c  u n i f o r m  r e c t a n g u l a r  p la tes  s u b j e c t  t o  a 
u n i f o r m  s i n u s o i d a l  p r e s s u r e  load a t  t h e  f u n d a m e n t a l  f r e q u e n c y .  
The d i m e n s i o n l e s s  d i s p l a c e m e n t  i s  g i v e n  b y ,  
* 
wc = (D w c ) / ( P  b 4 )  
a n d  t h e  d i m e n s i o n l e s s  a c c e l e r a t i o n  i s ,  
(57) 
* 
a, = (D a, h ) / ( P  b4 gl (58) 
a n d  f i n a l l y  t h e  n u l l - d i m e n s i o n a l  s t r a i n  c a n  be g i v e n  by, 
* 
fc  = ( 2  D (1+F) E c ) / ( h  P b 2 )  (59) 
F i g u r e s  (8) t h r o u g h  ( 1 3 )  may best be i n t e r p r e t e d  by  
r e f e r r i n g  t o  f i g u r e  (7). The c o m p a r i s o n  of  c e n t r a l  p n y s i c a l  
r e s p o n s e s  is g i v e n  i n  t h e  f o l l o w i n g  f i g u r e s  f o r  f u n d a m e n t a l  
r e s o n a n c e  e x c i t a t i o n  o f  a s q u a r e  p l a t e  w i t h  i d e n t i c a l  boun- 
d a r y  c o n d i t i o n s  o n  a l l  e d g e s .  T h e s e  g r a p h s  may be considered 
c r o s s p l o t s  o f  t h e  d i s p l a c e m e n t ,  a c c e l e r a t i o n  and s t r a i n  a s  
t h e y  re la te  f i r s t  t o  t h e  boundary  r e s t r a i n t  v a l u e s  and s e c o n d  
t o  t h e  c o r r e s p o n d i n g  c h a n g e s  i n  f u n d a m e n t a l  f r e q u e n c y .  The 
t h r e e  z o n e s  a s  g i v e n  i n  f i g u r e  (7) a r e  a l s o  marked o n  f i g u r e s  
( 8 )  t h r o u g h  ( 1 3 ) .  I n  o r d e r  t o  d i s t i n g u i s h  be tween  t h e  z o n e s  
marked R =S K = i n f  a n d  R =O K = S I  t h e  t r a n s i t i o n  p o i n t  i s  
n o t e d  a s  t h e  f r e q u e n c y  of t h e  s i m p l y - s u p p o r t e d  f r e q u e n c y  , 51 ss. 
F i g u r e s  ( 9 )  a n d  ( 1 2 )  were s e p a r a t e d  i n t o  i n d i v i d u a l  g r a p n s  
* * * * 
a c c o r d i n g  t o  t h e  z o n e s  f o r  c l a r i t y .  
T h e  r e su l t s  d i s p l a y e d  i n  f i g u r e s  (8) a n d  ( 9 )  show 'com- 
p a r i s o n  o f  c e n t e r  d i s p l a c e m e n t  b e t w e e n  t n e  s i n g l e  mode e l a s t i c  
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R i t z  and t h e  NASTRAN f i n i t e  e l e m e n t  s o l u t i o n s .  F i r s t ,  f i g u r e  
( 8 )  g i v e s  t h e  v a r i a t i o n  o f  d i s p l a c e m e n t  w i t h  r e s p e c t  t o  res- 
t r a i n t  p a r a m e t e r .  A s  e x p e c t e d ,  t h e  c e n t e r  d i s p l a c e m e n t  i n c -  
reases as  t h e  e las t ic  r e s t r a i n t s  are relaxed, I n  f i g u r e  ( 9 1 ,  
t h e  d i s p l a c e m e n t  is  c r o s s p l o t t e d  a g a i n s t  t h e  r a n g e  of f u n d a -  
m e n t a l  e x c i t a t i o n  f r e q u e n c i e s  e n c o u n t e r e d  f rom t h e  r e s t r a i n t  
r e l a x a t i o n .  T h e s e  two f i g u r e s  t a k e n  t o g e t h e r  show how c e n t e r  
d i s p l a c e m e n t  v a r i e s  over t h e  e n t i r e  domain  g i v e n  i n  f i g u r e  
( 7 ) .  T h e r e  is v e r y  43ood a g r e e m e n t  b e t w e e n  t h e  e las t ic  R i t z  
a n d  NASTRAN f i n i t e  e l e m e n t  s o l u t i o n s  a s  s e e n  o n  t h e  g r a p h s .  
The  r e s u l t s  h a v e  been  t r u n c a t e d  a t  wc=10 
p r o a c h  d i s p l a c e m e n t  v a l u e s  o u t s i d e  t h e  r e g i o n  t h a t  i s  n o r -  
m a l l y  c o n s i d e r e d  as  small d e f l e c t i o n ,  
* 1  s i n c e  t h e s e  ap -  
"e 
t 
S 
?igure (81. Variation of center b iry lacemnt  with respect to 
res tra in t  parameter, S, of a square p l a t e  with trans lat ional  
and rotational res tra in t  parameters. Identical boundary 
conditionr on a11 d g e s .  Sinusoidal load a t  fundamental 
f r8qu8ncy, 11 11 . 
F i g u r e s  (1O)and  (11) show t h e  same t y p e  o f  c r o s s p l o t s  
for c e n t e r  a c c e l e r a t i o n .  Good a g r e e m e n t  b e t w e e n  t h e  NASTRAN 
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- R i t z  Sol‘n 
o_- P.E.  So l ’n  
pipure ( 9 ) .  Varia t ion  of center  displacenwnt v i t h  respect 
to  fundamental frequency parwter ,  all, of a square p l a t e  
with t r a n s l a t i o n a l  and r o t a t i o n a l  r e s t r a i n t  parameters.  
I d e n t i c a l  boundary condi t ions  on a l l  eages. Sinuso ida l  load 
a t  fundamental f t e q u e n q ,  fl,. 
and elastic Ritz results is again seen and may be expected 
since the frequency and displacement predictions were in 
close agreement. The magnitude of acceleration can be cal- 
culated by multiplying radian frequency squared times the 
displacement magnitude. Therefore, acceleration calculations 
ref lect  a t y p e  of  combined error fo r  f r e q u e n c y  and d i s p l a c e -  
m e n t  c o m p u t a t i o n s .  
e 
.C 
*r 
?iguro (101. V8r ia t ion  of  c e n t e r  a c c e l e r a t i o n  w i t h  respect 
t o  r e s t r a i n t  parameter ,  S, of  a s q u a r e  p l a t e  w i t h  t r a n s -  
l a t i o n a l  and r o t a t i o n a l  r e s t r a i n t  parameters .  I d e n t i c a l  
boundary cond i t ions  on a11 edges. S inu8oida l  load  a t  
fundmmntal  f requency,  ill. 
all 
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t i g u r e  (11 ) .  Var ia t ion  of c e n t e r  aec I e r a t i o n  w i t h  respect 
t o  fundamental frcqirency parameter ,  hll, of a square p l a t e  
w i t h  t r a n r l r t i o n a l  ihnd r o t i t i o n a l ,  . c e s t r a i n t  p a r a y c - r s .  
I d e n t i c a l  boundary e o n d i t i o n s  on a i l  edoes.  Srnusoiaa i  load 
8 t  fundamental frequency, f l l .  
F i g u r e s  ( 1 2 )  a n d  (13) show t h e  v a r i a t i o n  o f  s t r a i n  a t  
a p o i n t  near t h e  c e n t e r  of t h e  p l a t e .  F i g u r e  ( 1 2 A )  d i s p l a y s  
t h e  v a r i a t i o n  as t h e  p l a t e  b o u n d a r i e s  move f rom t h e  clamped 
. .  , ~- . ~ -. . . . .  ~.  . .  . - - . ,  . _. 
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- Ritt Sol'n --- F.E. sol'n 
- Ritr Sol'n --- ?.E. sol'n 
- Ritt ~ o l ' n  --- P.E. soi 'n  
.2 I- 
Pigure ( 1 2 ) .  Variation of center strain with respec-, to 
restraint parameterr S e  of a square plate with trazr!ationsl 
and rotational restraine parameters. Identical bouciary 
conditions on a11 edqes. Sinosoidal load at fundamcatal 
Itequency, r 
to t h e  simply-supported s t a t e s .  The agreement i n  t h a t  r e g i o n  
is  good. In figures (12B) and (12C) it i s  seen  t h a t  a s  t h e  
p l a t e  edges  are re laxed  toward t h e  free s t a t e ,  t h e  agreement 
B r e w e r  6 9  
I .  
between t h e  t w o  s o l u t i o n s  d e t e r i o r a t e s .  As t h e  e las t ic  res- 
t r a i n t s  are r e l a x e d  t o  v a l u e s  b e l o w  l o 3 ,  t h e  NASTRAN s o l u t i o n  
g i v e s  d e c i d e d l y  lower r e s u l t s .  T h e r e  is , however ,  a g r e e m e n t  
i n  t r e n d .  T h a t  is, t h e  m a g n i t u d e  o f  s t r a i n  t e n d s  t o  rise a n d  
f a l l  i n  s imilar  f a s h i o n  f o r  b o t h  s o l u t i o n s .  T h i s  a g r e e m e n t  
is more a p p a r e n t  i n  f i g u r e  ( 1 3 ) .  The  s h a p e s  o f  t h e  closed 
c u r v e s  a r e  v e r y  s i m i l a r  i n  t h e  p r e d i c t i o n  o f  h i g h  a n d  l o w  
v a l u e s  o f  s t r a i n .  
C 
- R i t : t  sol 'n 
0-- r.!:. s o l ' n  
36 r\ 
tigure (131 .  Variat ion of c e n t e r  t r a i n  with respec t  to 
fundamental frequency p r a m t e r ,  hll, o f  8 square p l a t e  
w i t h  t r a n s l a t i o n a l  and r o t r t i o n a l  r e s t r a x n t  parameters. 
I d e n t i c a l  boundary c o n d i t i o n s  on a l l  edges. Sinusoidal  load 
a t  fundamntal  frequency, f I 1 .  
The f i n a l  c o m p a r i s o n  of r e s p o n s e  i s  t a k e n  f r o m  t h e  res- 
u l t s  g i v e n  i n  r e f e r e n c e  ( 5 ) .  I n  t h a t  work ,  t h e  s e a r c h  f o r  
causes o f  a large b ias  error b e t w e e n  e x p e r i m e n t a l l y  m e a s u r e d  
a n d  a n a l y t i c a l l y  p r e d i c t e d  s t r a i n  r e s p o n s e  led t o  t h e  exami- 
n a t i o n  o f  t h e  e f f e c t  of b o t h  t y p e s  of b o u n d a r y  s p r i n g s  on t h e  
r e s p o n s e .  For t h a t  s t u d y ,  o n l y  t h e  f i n i t e  e l e m e n t  method w a s  
used t o  model a p l a t e  whose e d g e s  w e r e  e l a s t i c a l l y  r e s t r a i n e d  
i n  r o t a t i o n  aod  t r a n s v e r s e  t r a n s l a t i o n  s i n c e  n o  o t h e r  method 
w a s  a v a i l a b l e  a t  t h e  t i m e .  The r e s p o n s e  w a s  c a l c u l a t e d  f o r  
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fldge 
* 
R W D  Kb3/D we Qc 
6.349 inf 0.0237 0.3778 0.2250 $ 
0.0256 0.3802 0.2233 SS 
v a r i o u s  c o m b i n a t i o n s  o f  selected v a l u e s  o f  r e s t r a i n t  w h i l e  
m a i n t a i n i n g  a c o n s t a n t  f u n d a m e n t a l  f r e q u e n c y .  A t  o n e  e n d  o f  
7.619 
t h e  scalep t h e  p l a t e  possesses i n f i n i t e  r o t a t i o n a l  b o u n d a r y  
1 
3108.573 0.0240 0.3807 0.2522 S 
0.0260 0.3802 0.2474 SS 
s p r i n g  s t i f f n e s s  w i t h  a f i n i t e  v a l u e  of t r a n s v e r s e  b o u n d a r y  
~~ 
9.269 1334.86 0.0247 0.3869 0.2834 S 
0.0262 0.3782 0.2736 SS 
1 3 
s p r i n g  s t i f f n e s s .  A t  t h e  o t h e r  e n d  of t h e  scale, t h e  reverse 
is t r u e .  C o m b i n a t i o n s  of f i n i t e  v a l u e s  f o r  bo th  t y p e s  o f  
b o u n d a r y  s p r i n g  f i l l  i n  t a b l e  ( 1 2 ) .  
The  NASTRAN f i n i t e  e l e m e n t  r e s u l t s  as g i v e n  i n  r e f e r e n c e  
( 5 )  h a v e  b e e n  n o n - d i m e n s i o n a l i z e d  a n d  t h e  e las t ic  R i t z  sol-  
u t i o n  h a s  b e e n  u s e d  f o r  c o m p a r i s o n .  T h e  f u n d a m e n t a l  f r e q u e n c y  
c 
conparispn of Displaecment and Strain for Varioua 
Translational and Rotational Restraint Valuer 
-K -K =K =K R I - R ~ = R ~ - R ~ = R  "' 3Sqdarb Plate 
Sinusoidal Load C fll 
0.2873 I ::if:: I 0.2776 I X5 I I 9.524 11261.713 0.0248 I 0.0264 
$ Ritt solution herein 
5 S  Nartran P.E. Solution 
Tablo (12)  
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p r e d i c t i o n  f o r  g i v e n  v a l u e s  o f  r e s t r a i n t  v a r i e d  by n o  more 
t h a n  5%. The r e s u l t s . o f  t a b l e  ( 1 2 )  show good c o m p a r i s o n  f o r  
c e n t e r  d i s p l a c e m e n t  wh ich  seems t o  r e m a i n  r e l a t i v e l y  c o n s t a n t .  
The  n e a r  c e n t e r  s t r a i n  g i v e n  b y  NASTRAN t e n d s  t o  drop s l i g h t l y  
w h i l e  t h e  e las t ic  R i t z :  s o l u t i o n  g i v e s  r e l a t i v e l y  c o n s t a n t  
v a l u e s .  The  n e a r  edge s t r a i n  f rom a p o i n t  midway a l o n g  o n e  
of t h e  edges i n c r e a s e s  a s  t h e  t r a n s l a t i o n a l  r e s t r a i n t  relaxes 
and t h e  r o t a t i o n a l  r e s t r a i n t  i s  t i g h t e n e d .  T h i s  c o m p a r i s o n  
v a l i d a t e s  t h e  c o n c l u s i o n s  o f  r e f e r e n c e  ( 5 1 ,  s i n c e  t h e  i n t r o -  
a u c t i o n  o f  t r a n s v e r s e  mot ion  a t  t h e  b o u n d a r i e s  c o u l d  n o t  
a c c o u n t  f o r  t h e  b i a s  error. 
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CHAPTER 6 
Conclusions 
~ o n c  1 usion s - from Comparisons 
Many authors have addressed the problem of free vibration 
of uniform rectangular plates. An informative survey of recent 
studies was given by Leissa (20). Most of the st.udies were 
restricted to plates possessing the classical free, clamped 
and simply-supported edge conditions and in some cases, the 
acaciemic agreement on accepted theoretical frequencies is 
still open to debate. 
Many methods have been derived and used in an effort to 
calculate more accurate frequencies with ease of computation. 
With the ability of the computer to perform complicated cal- 
culations at high speed, the ease of computation is not as 
important as it once was. In fact, one of the reasons early 
derivations of solution were simplified was to yield expres- 
sions that were easier to use in the absence of efficient 
computer methods. The work given by Carmichael (13) in 1959 
is a case in point. The assumption of symmetric boundary 
conditions with equal rotational restraint on parallel edges 
gave a simple explicit expressions for difficult integrals 
in tne application of the Rayleigh-Ritz method. 
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The R i t z  method i t s  one  o f  t h e  more p o p u l a r  a p p r o x i m a t i o n s  
used i n  p l a t e  v i b r a t i o n s  s i n c e  i t  h a s  p r o v e n  t o  be a s t r a i g h t  
f o r w a r d  v a l i d  a p p r o a c h .  The a c c u r a c y  r e t u r n e d  b y  t h i s  method 
d e p e n d s  i n  l a r g e  p a r t  o n  t h e  f u n c t i o n s  c h o s e n  t o  r e p r e s e n t  
d i s p l a c e m e n t .  I n  g e n e r a l ,  t h e  a c c u r a c y  o f  r e s u l t s  c a n  n o t  be 
estimated w i t h  c e r t a i n t y .  The f r e q u e n c i e s  c a n  o n l y  be sa id  
t o  be  h i g h e r  t h a n  t h e  t r u e  v a l u e s .  By s a t i s f y i n g  t h e  s h e a r  
a n d  moment boundary  c o n d i t i o n s ,  when appl icable ,  t h e  ra te  o f  
c o n v e r g e n c e  i s  a i d e d .  Fo r  p l a t e s  w i t h o u t  e x a c t  s o l u t i o n s  ( i e .  
n o  p a r a 1  le1 s i m p l y - s u p p o r t e d  edges 1 , t h e  c o n v e r g e n c e  r a t e  
is  f u r t h e r  enhanced  b:y t h e  u s e  of beam f u n c t i o n s .  The  i n d i -  
c a t i o n s  a re  t h a t  t h e  " ' bes t "  estimates of f r e q u e n c y  r e s u l t  
when beam f u n c t i o n s  a r e  s e l e c t e d  so a s  t o  s a t i s f y  t h e  edge 
c o n d i t i o n s  e x a c t l y .  T h i s  c h o i c e  of f u n c t i o n s  r e n d e r s  good 
a p p r o x i m a t i o n s  o f  f r e q u e n c y  when o n l y  t h e  s i n g l e  t e r m  (dia-  
gonal terms) e x p r e s s i o n s  are u s e d .  Even f r e q u e n c i e s  o f  
h i g h e r  modes c a n  be est imated w i t h  s u i t a b l e  a c c u r a c y  u s i n g  
t h e  s i n g l e  term so1ut : ion .  
F o r  example ,  Young (21) d i s c u s s e d  t h e  u s e  o f  t h e  R i t z  
me thod  for  p l a t e  v i b r a t i o n s  and  assumed beam f u n c t i o n s  t o  
r e p r e s e n t  d i s p l a c e m e n t s .  For t h e  s q u a r e  c a n t i l e v e r  p l a t e  which  
i s  a case of unsymmetr ic  boundary  c o n d i t i o n s ,  h e  c h o s e  t h e  
* .  
f r e e - f r e e  a n d  f r ee -c l amped  beam f u n c t i o n s  f o r  t h e  t w o  coor-. 
d i n a t e  d i r e c t i o n s ,  r e s p e c t i v e l y . ,  F requency  c a l c u l a t i o n s  were 
b a s e d  on a n  1 8  term series. F o r  t h e  f i r s t  mode, Young gave 
t h e  v a l u e  of t h e  d i m e n s i o n l e s s  f r e q u e n c y  parameter as  3 . 4 9 4 .  
A s i n g l e  term a p p r o x i m a t i o n  b a s e d  on  t h e  same beam f u n c t i o n s  
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cj ives  the f u n d a m e n t a l  p a r a m e t e r  a s  3 .515  for a p e r c e n t  d i f -  
f e r e n c e  of 0 . 6 8 .  On the f o u r t h  mode, t h e  1 8  term s o l u t i o n  
y i e l d s  a v a l u e  of 2 7 . 4 6  and  t h e  s i n g l e  t e r m  a p p r o x i m a t i o n  
c j ives  28 .78  f o r  a 4 . 8 %  d i f f e r e n c e .  Nassar ( 2 2 )  e x t e n d e d  t h e  
s i n g l e  t e r m  a p p r o a c h  t o  i n c l u d e  p l a t e s  w i t h  r o t a t i o n a l l y  
r e s t r a i n e d  e d g e s .  T h e  b o u n d a r i e s  w e r e  a s sumed  t o  be unsym- 
metric i n  r e s t r a i n i n g  v a l u e .  F u n c t i o n s  were c h o s e n  a s  a 
w e i g h t e d  s u m  o f  c l amped  a n d  s i m p l y - s u p p o r t e d  beam f u n c t i o n s .  
A s i n g l e  term s o l u t i o n  was a l s o  g e n e r a t e d  a s s u m i n g  beam 
f u n c t i o n s  of a n  unsymmet r i c  r o t a t i o n a l l y  r e s t r a i n e d  beam. 
Both s o l u t i o n s  gave f u n d a m e n t a l  f r e q u e n c y  p r e d i c t i o n s  t h a t  
v a r i e d  from p u b l i s h e d  r e s u l t s  by n o  more t h a n  0 .5%.  
I n  t h i s  s t u d y ,  a s i n g l e  term s o l u t i o n  i s  a g a i n  app l i ed .  
The p l a t e  was assumed t o  be e l a s t i c a l l y  r e s t r a i n e d  i n  b o t h  
r o t a t i o n  a n d  t r a n s v e r s e  t r a n s l a t i o n .  The edge s p r i n g  v a l u e s  
were assumed unsymmet r i c .  For t h e  c o m p a r i s o n s  of c h a r a c t e r -  
l s t l c  f r e q u e n c y  parameter, i t  w a s  s e e n  t h a t  good r e s u l t s  
were a c h i e v e d  f o r  a l l  cases when t h e  e d g e ' t r a n s l a t i o n  w a s  
c o m p l e t e l y  c o n s t r a i n e d  ( l e .  K = i n f ) .  I n  t h e s e  cases, t h e  edge 
c o n d i t i o n s  are  be tween  t h e  s i m p l y - s u p p o r t e d  a n d  clamped 
s t a t e s ,  i n c l u s i v e l y .  When compared t o  t h e  s o l u t i o n  g i v e n  by  
C a r m i c h a e l  i n  t a b l e  (11,  b o t h  t h e  new e l a s t i c  R i t z  a n d  NASTRAN 
f i n i t e  e l e m e n t  s o l u t i o n s  gave good r e s u l t s .  I f  a n  e x a c t  v a l u e  
of i n f i n i t y  f o r  t r a n s l a t i o n a l  edge s t i f f n e s s  were app l i ea  t o  
t h e  new e l a s t i c  R i t z  s o l u t i o n ,  i t  would  become e q u i v a l e n t  t o  
Carmichae l  ' s  a p p r o x i m a t i o n .  
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The f u r t h e r  c o m p a r i s o n s  o f  f r e q u e n c y  parameter f o r  p l a t e s  
r i g i d  i n  edge t r a n s l a t i o n  showed acc.eptable a g r e e m e n t  t o  t h e  
p u b l i s h e d  r e s u l t s .  T h e  e l a s t i c  R i t z  a n d  f i n i t e  e l e m e n t  r e s u l t s  
w e r e  e q u a l l y  v a l i d  f o r  cases o f  u n e q u a l  r o t a t i o n a l  r e s t r a i n t .  
For t h e s e  cases, p r e s e n t e d  i n  t a b l e s  ( 2 1 ,  ( 5 1 ,  ( 8 ) ,  ( 9 )  a n d  
( l o ) ,  t h e  p r e d i c t i o n s  o f  t h i s  s t u d y  n e v e r  d i f f e r e d  b y  more 
t h a n  1 % .  Tne f r e q u e n c y  parameter c o m p a r i s o n s  made t o  ava i l ab le  
d a t a  f o r  h i g h e r  moaes were w i t h i n  5 % . ’ T n i s  i n d i c a t e s  t h a t  t h e  
new r e s u l t s  were s o u n d l y  de r ived  f r o m  v a l i d  approaches. 
When both  t y p e s  o f  s p r i n g  were ac t iva ted  s i m u l t a n e o u s l y  
a t  t h e  p l a t e  b o u n d a r i e s  so t h a t  t r a n s v e r s e  edge m o t i o n  w a s  
i n t r o d u c e d ,  d i s c r e p a n c i e s  i n  f r e q u e n c y  p r e d i c t i o n  were encoun-  
tered. R e f e r r i n g  t o  f i g u r e s  ( 6 )  a n d  (71 ,  it was shown t h a t  
t h e  e l a s t i c  R i t z  a n a  NASTRAN s o l u t i o n s  agreed w i t h  t h e  r e s u l t s  
o f  Warbur ton  a n d  Edney ( 1 2 )  when e i t h e r  o f  t h e  t w o  s p r i n g  
t y p e s  acted a l o n e .  However, when b o t h  t r a n s l a t i o n a l  a n d  
r o t a t i o n a l  boundary  s p r i n g s  were a c t i v e ,  t h e  t w o  s o l u t i o n s  
of t h i s  s t u d y  g a v e  s i g n i f i c a n t l y  lower f r e q u e n c i e s .  F o r  a l l  
s u b s e q u e n t  c o m p a r i s o n s  t o  p u b l i s h e d  r e s u l t s  for cases when 
r e s t r a i n e d  t r a n s v e r s e  mot ion  w a s  allowed a t  t h e  e d g e s ,  lower 
f r e q u e n c i e s  were a g a i n  p r e d i c t e d  by t h e  me thods  u s e d  h e r e i n .  
Assuming n o  n u m e r i c a l  error was p r e s e n t ,  s i n c e  d o u b l e  c h e c k s  
u n c o v e r e d  none ,  t h i s  i n d i c a t e s  t h a t  t h e  c h o i c e  of d i s p l a c e m e n t  
f u n c t i o n s  becomes i n c r e a s i n g l y  i m p o r t a n t .  By c o n s i d e r i n g  t h e  
b o u n d a r y  c o n d i t i o n s  a l o n g  w i t h  t h e  c h o i c e  o f  f u n c t i o n s  u s e d  i n  
r e f e r e n c e  ( 1 2 ) ,  t h e  f o l l o w i n g  i s  n o t e d .  F o r  cases wnere t h e  
b o u n d a r y  c o n d i t i o n s  are  be tween  s i m p l y - s u p p o r t e d  a n d  clamped 
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( i e .  t o p  c u r v e  o f  f i g u r e s  ( 6 )  and  ( 7 1 1 ,  Warbur ton  a n d  Edney 
u t i l i z e d  a w e i g h t e d  sum of s i m p l y - s u p p o r t e d  a n d  clamped beam 
f u n c t i o n s .  As s u c h ,  t h e  zero d i s p l a c e m e n t  e d g e  c o n d i t i o n  w a s  
s a t i s f i e d  e x a c t l y  w h i l e  t h e  moment c o n d i t i o n  i s  approximated 
t h r o u g h  t h e  r a n g e  o f  e las t ic  v a l u e s  w i t h  good r e s u l t s .  On t h e  
lowest c u r v e  o f  those f i g u r e s ,  a w e i g n t e d  sum of free a n d  
s i m p l y - s u p p o r t e d  beam f u n c t i o n s  w e r e  u s e d .  These  f u n c t i o n s  
s a t i s f y  t h e  z e r o  moment boundary  c o n d i t i d n  e x a c t l y  a n d  
a p p r o x i m a t e  t h e  s h e a r  c o n d i t i o n  over t h e  r a n g e  o f  e l a s t i c  
v a l u e s .  Aga in ,  by  s a t i s f y i n g  a t  l eas t  o n e  o f  t h e  b o u n d a r y  
c o n d i t i o n s ,  good r e s u l t s  w e r e  achieved. F o r  t h e  i n t e r m e d i a t e  
c u r v e  w h e r e  b o t h  t y p e s  o f  s p r i n g  w e r e  s i m u l t a n e o u s l y  ac t ive ,  
t h e  f u n c t i o n s  u s e d  i n  r e f e r e n c e  ( 1 2 )  were a w e i g h t e d  sum o f  
s i m p l y - s u p p o r t e d ,  c l amped ,  f r e e  a n d  s l i d i n g  beam f u n c t i o n s  
and  c o l l e c t i v e l y  s a t i s f y  n e i t h e r  t h e  s h e a r  o r  moment edge 
c o n d i t i o n s .  R a y l e i g h ’ s  p r i n c i p l e  g u a r a n t e e s  t h e  f r e q u e n c y  
p r e d i c t i o n s  w i l l  be h i g h  by t h e  a rgumen t  of u p p e r  bounded 
e i g e n v a l u e s .  The w e i g h t e d  approximation o n  b o t h  t y p e s  of . 
e l a s t i c  e d g e  c o n d i t i o n  g i v e s  i n f l a t e d  r e s u l t s  t o  t h e  p o i n t  
of u n p r a c t i c l e  a c c u r a c y .  U n f o r t u n a t e l y ,  o n e  of t h e  p u r p o s e s  
of t h e  p u b l i s h e d  a r t i c l e  was t o  g i v e  q u i c k  a n d  e a s y  f r e q u e n c y  
p r e d i c t i o n s  w i t h  s u i t a b l e  a c c u r a c y .  
The a d d i t i o n a l  c o m p a r i s o n s  g i v e n  by t ab l e s  ( 3 1 ,  ( 4 ) ,  ( 6 )  
and  ( 7 )  f o r  cases when r e s t r a i n e d  t r a n s v e r s e  m o t i o n  i s  a l l o w e d  
a t  t h e  e d g e s  showed s i m i l a r  resul ts .  The s o l u t i o n s  o f  t h i s  
s t u d y  g a v e  lower p r e d i c t i o n s  o f  f r e q u e n c y  f o r  a l l  cases 
, 
e x c e p t  t h o s e  o f  t a b l e  ( 6 )  w h e r e  t h e  f i n i t e  e l e m e n t  p r e d i c t i o n s  
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wc’re i n c o n s i s t e n t .  Thle r e a s o n  f o r  t h e  i n f l a t e d  r e s u l t s  w a s  
d i s c o v e r e d .  A c c i d e n t a i l l y ,  t h e  p a i r  o f  para l le l  edges t h a t  
v a r i e d  f rom s i m p l y - s u p p o r t e d  t o  f r e e  s ta tes  had  b e e n  over 
c o n s t r a i n e d .  For p l a t . e s  w i t h  u n e q u a l  t r a n s l a t i o n a l  r e s t r a i n t  
o n  b o u n d a r i e s ,  t r a n s v e r s e  edge d i s p l a c e m e n t  i s  n o t  e q u a l  o n  
a l l  edges. A s  a r e s u l t ,  t h e  boundary  n o d a l  d i s p l a c e m e n t s  o n  
t h e  f i n i t e  e l e m e n t  model mus t  h a v e  f r e e d o m  o f  r o t a t i o n  a b o u t  
a n  a x i s  p e r p e n d i c u l a r  t o  t n e  e d g e .  T h i s  r o t a t i o n a l  f r eedom 
was i n a d v e r t e n t l y  c o n s t r a i n e d  f o r  t h e  compute r  r u n s  o f  t ab l e  
( 6 ) .  When t h i s  w a s  corrected, t h e  NASTRAN s o l u t i o n  agreed 
w i t h  t h e  e l a s t i c  R i t z :  p r e d i c t i o n s .  A t  a v a l u e  of K*=10 i n  
t h e  t o p  r o w  o f  t h e  t a b l e ,  t h e  f i n i t e  e l e m e n t  d i m e n s i o n l e s s  
f r e q u e n c y  parameter was found  t o  be 11 .25  compared t o  11 .31  
for  t h e  e las t ic  R i t z  s o l u t i o n .  The SS-Fr-SS-Fr case h a s  a n  
e x a c t  v a l u e  a s  g i v e n  b y  L e i s s a .  The  f i n i t e  e l e m e n t  p r e d i c t i o n  
w i t h  c o r r e c t i o n s  r e t u r n e d  a v a l u e  of 9.659 a s  compared t o  
9 .676  a n d  9.6314 f o r  t h e  e l a s t i c  R i t z  a n d  e x a c t  v a l u e s ,  
r e s p e c t i v e l y .  T h e r e f o r e ,  t h e  ear l ier  major d i s c r e p a n c y  of 
f r e q u e n c y  p r e d i c t i o n  be tween NASTRAN a n d  t h e  e l a s t i c  R i t z  
s o l u t i o n s  may be a t t r i b u t e d  t o  u s e r  error. The  minor  d i f -  
f e r e n c e s  of r e s u l t s  be tween  t h e s e  t w o  s o l u t i o n s  c a n  be 
a t t r i b u t e d  t o  c o n v e r g e n c e  c o n s i d e r a t i o n s .  I t  i s  n o t e d  t h a t  
t h e  f r e q u e n c y  r e s u l t s  from t h e  t w o  a p p r o x i m a t i o n s  u s e d  i n  
t h i s  s t u d y  are n o t  c o n s i s t e n t l y  n i g h e r  or lower i n  c o m p a r i s o n .  
The  s i n g l e  term R i t z  s o I u t i o n  i s  a l s o  g u a r a n t e e d  t o  be n i g h  
by H a y l e i g h ’ s  p r i n c i p l e  w h i l e  a n  i n s u f f i c i e n t  number o f  
e l e m e n t s  o n  t h e  f i n i t e  e l e m e n t  model w i l l  slow i t ’s  
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c o n v e r g e n c e .  For  a n y  g i v e n  c o m p a r i s o n ,  i t  i s  d i f f i c u l t  t o  
p r e d i c t  wh ich  of t h e s e  factors w i l l  t a k e  p r e c e d e n c e  t o  g i v e  
more agreeable  estimates o f  f r e q u e n c y .  
E x t e n s i o n  of t h e  s i n g l e  t e r m  R i t z  s o l u t i o n  t o  p red ic t  
r e s p o n s e  i s  g e n e r a l l y  less rel iable  t h a n  f r e q u e n c y  p r e d i c t i o n .  
W a r b u r t o n  (23) d e m o n s t r a t e d  t h a t  t h e  s i n g l e  term s o l u t i o n  may 
g i v e  v e r y  good r e s u l t s  f o r  d i s p l a c e m e n t  b a s e d  on t h e  c o n v e r -  
g e n c e  r a t e .  The s t r e s s / s t r a i n  c o n v e r g e n c e  i s  u s u a l l y  slower 
however ,  e s p e c i a l l y  for p l a t e s  e x h i b i t i n g  unsvmmet r i c  b o u n d a r y  
c o n d i t i o n s  or a s p e c t  r a t i o s  n o t  equal  t o  o n e .  I n  g e n e r a l ,  i f  
c o n v e r g e n c e  of n a t u r a l  f r e q u e n c i e s  is s l o w ,  t h e  c o n v e r g e n c e  
f o r  r e s p o n s e  c a l c u l a t i o n s  w i l l  be slower s t i l l .  T h e r e f o r e ,  
for  cases d e v i a t i n g  f a r  f rom t h e  s q u a r e  p l a t e  w i t h  e q u a l  or 
s y m m e t r i c  e d g e  c o n d i t i o n s ,  a m u l t i p l e  mode c a l c u l a t i o n  w i t h  
more terms i n  t h e  R i t z  series is  recommended. 
The f u n d a m e n t a l  r e s o n a n c e  d i s p l a c e m e n t  a n d  a c c e l e r a t i o n  
r e s u l t s  showed good compar i son  b e t w e e n  t h e  s i n g l e  mode R i t z  
a n d  f i n i t e  e l e m e n t  s o l u t i o n s  i n  f i g u r e s  ( 8 1 ,  (91, ( 1 0 )  a n d  
( 1 1 ) .  T h i s  i n d i c a t e s  t h a t  t h e  c o n v e r g e n c e  f o r  d i s p l a c e m e n t s  
i n  the H i t z  s o l u t i o n  i s  r a p i d  enough f o r  good estimates. 
Combining good n a t u r a l  f r e q u e n c y  a n d  d i s p l a c e m e n t  c o m p a r i s o n s ,  
t h e  a c c e l e r a t i o n s  p r e d i c t e d  by b o t h  m e t h o d s  are e x p e c t e d  t o  
a g r e e .  F i g u r e s  ( 1 0 )  a n d  (11) show g e n e r a l  a g r e e m e n t .  
The s t r a i n  r e s p o n s e  v a l u e s  a s  s e e n  i n  f i g u r e s  ( 1 2 )  a n d  
( 1 3  
S e v e r a l  factors  may a c c o u n t  f o r  t h i s .  The c o n v e r g e n c e  o f  t h e  
s i n g l e  term R i t z  s o l u t i o n  i s  n o t  g u a r a n t e e d ,  a s  m e n t i o n e d .  As 
a r e  n o t  a s  a g r e e a b l e  fo r  t h e  t w o  me thods  i n  a l l  cases. 
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w e l l ,  t h e  f i n i t e  e l e m e n t  s o l u t i o n  r e s u l t s  a r e  o n l y  a s  good a s  
t h e  r e f i n e m e n t o f  t h e  p l a t e  model i n g  a n d  t h e  e l e m e n t  d i s p -  
l a c e m e n t  f u n c t i o n s  chosen .  The d e v i a t i o n  o f  NASTRAN s t r a i n  
v a l u e s  f r o m  t h e  R i t z  s o l u t i o n  i s  s e e n  t o  o c c u r  a s  r e s t r a i n i n g  
v a l u e s  f a l l  below l o 3  o n  f i g u r e s  ( 1 2 B )  a n d  ( 1 2 C ) .  I n  t h e s e  
r e g i o n s ,  t h e  d i s p l a c e m e n t s  b e g i n  i n c r e a s i n g  a t  a g r e a t e r  r a t e  
(see f i g u r e  ( 8 ) ) .  The c o n t i n u o u s  d i s t r i b u t i o n  o f  s t r a i n  over 
t h e  p l a t e  domain  c a n  o n l y  be a p p r o x i m a t e d  by t h e  f i n i t e  
c l e m e n t  model a n d  s i n c e  stress i s  c o n s t a n t  over a g i v e n  
e l e m e n t ,  t h e  d i s t r i b u t i o n  from NASTRAN i s  p i e c e w i s e  l i n e a r .  
* 
As a r e s u l t ,  f o r  l a r g e r  d i s p l a c e m e n t s ,  t h i s  p i e c e w i s e  d i s t -  
r i b u t i o n  w i l l  show g r e a t e r  d e v i a t i o n  a n d  i s  less re l iab le  t o  
a p p r o x i m a t e  t h e  c o n t i n u o u s  d i s t r i b u t i o n .  By i n c r e a s i n g  t h e  
number o f  e l e m e n t s  o r  u s i n g  mesh r e f i n e m e n t  i n  areas o f  
i n t e r e s t ,  a better a p p r o x i m a t i o n  s h o u l d  r e s u l t .  
A n o t h e r  f a c t o r  t o  h e l p  e x p l a i n  t h e  d i s a g r e e m e n t  o f  
s t r a i n  b e t w e e n  t h e  t w o  s o l u t i o n s  c o n c e r n s  t h e  m o d e l i n g  o f  
edge b e n d i n g .  For a n y  g i v e n  e l e m e n t ,  t h e  c o r n e r s  are s u b j e c t  
t o  d i f f e r i n g  m a g n i t u d e s  o f  t r a n s l a t i o n a l  a n d  r o t a t i o n a l  d i s p -  
lacement. T h e s e  d i f f e r e n c e s  r e s u l t  i n  s h e a r  a n d  moment f o r c e s  
a t  t h e  nodes. I n  t h e  i n t e r i o r  of t h e  p l a t e ,  c o n t i n u i t y  o f  
d i s p l a c e m e n t  a t  t h e  nodes j o i n i n g  e l e m e n t s  cancels o u t  tnese 
forces. T h a t  i s ,  t h e  f o r c e s  o n  o n e  e l e m e n t  a re  e q u a l  a n d  
opposite t o  t h o s e  of a n  a d j o i n i n g  e l e m e n t .  A t  t h e  edges, t h e s e  
e f f e c t s  a r e  e l a s t i c a l l l y  res t ra ined.  A s  t h e  s t i f f n e s s  of t h e  
c l a s t i c  r e s t r a i n t s  a re  l e s s e n e d ,  t h e  f o r c e s  a t  t h e  edges of 
t h e  model are n e g l e c t e d .  A s  a resul t  t h e  edge elements are  
. 
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s u b j e c t  t o  l i t t l e  or n o  b e n d i n g .  To  p r o p e r l y  a c c o u n t  f o r  t h i s ,  
it is s u g g e s t e d  t h a t  n u m e r i c a l l y  a p p r o p r i a t e  a r t i f i c i a l  s u p p o r t  
r e a c t i o n s  a n d  b e n d i n g  moments be a p p l i e d  a t  t h e  b o u n d a r i e s  t o  
i n d u c e  b e n d i n g  i n  t h e  e d g e  e l e m e n t s .  T h i s  would i n c r e a s e  t h e  
s t r a i n  v a l u e s  r e t u r n e d  b y  NASTRAN. 
T a b l e  ( 1 2 )  g a v e  d i s p l a c e m e n t  a n d  s t r a i n  v a l u e s  f o r  
v a r i o u s  c o m b i n a t i o n s  of e d g e  r e s t r a i n t .  The a g r e e m e n t  w a s  
good. The NASTRAN f i n i t e  e l e m e n t  r e s u l t s  were t a k e n  f rom 
r e f e r e n c e  ( 5 )  a n d  n o n - d i m e n s i o n a l i a e d .  I n  t h a t  a r t i c l e ,  t h e  
e d g e  s t r a i n s  were shown t o  i n c r e a s e  a s  t h e  t r a n s v e r s e  b o u n d a r y  
s p r i n g  s t i f f n e s s  w a s  decreased a n d  t h e  r o t a t i o n a l  edge f l e x i -  
b i l i t y  w a s  i n c r e a s e d .  S i n c e  t h e  e x p e r i m e n t a l  s t r a i n s  were 
lower t h a n  those  p r e d i c t e d  by a f a c t o r  o f  three,  t h e  i n t r o d u c -  
t i o n  of r e s t r a i n e d  edge t r a n s l a t i o n  does n o t  a c c o u n t  f o r  t h e  
b i a s  error. The  e las t ic  R i t z  r e s u l t s  o f  t h i s  s t u d y  h a v e  subs- 
t a n t i a t e d  t h a t  c l a i m .  
F o r  p r a c t i c a l  a p p l i c a t i o n s  o f  t h e  t w o  a p p r o a c h e s  of 
t h i s  s t u d y ,  t h e  f o l l o w i n g  factors  t o  b e  c o n s i d e r e d  a re  sum- 
m a r i z e d .  The R i t z  s o l u t i o n  s h o u l d  b e  e x t e n d e d  t o  a m u l t i p l e  
mode s o l u t i o n  w i t h  a qreater number of terms. A l t h o u q h ,  t h e  
f r e q u e n c i e s  from a s i n g l e  term s o l u t i o n  c a n  be a c c u r a t e ,  tne 
c o n v e r g e n c e  of s o l u t i o n  t o  p r e d i c t  r e s p o n s e  w i l l  be enhanced .  
T h i s  w i l l  add t o  t h e  c o m p l e x i t y  o f  s o l u t i o n  s i n c e  t n e  o f f -  
d i a g o n a l  terms i n  t h e  f r e q u e n c y  d e t e r m i n a n t  and  c o n t r i b u t i o n s  
t o  r e s p o n s e  of h i g h e r  modes i n  t n e  d e t e r m i n a t i o n  o f  a m p l i t u d e  
c o e f f i c i e n t s  w i l l  b e  i n c l u d e d  i n  t h e  a n a l y s i s .  The u s e  o f  
s u b r o u t i n e s  a v a i l a b l e  i n  math  and s c i e n c e  s o f t w a r e  l ib rar ies  
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to solve the eigenvalue problem and matrix simultaneous 
equations should ease the burden. Also, the finite element 
modcl should be adjusted with a greater number of elements 
or mesh refinement in the areas of stress calculations. An 
increased number of elements would allow for a better 
approximation of the mode shapes by the finite element model. 
The edges should also be modeled with proper reactions. 
Comments on the Use of MACSYMA and NASTRAN ----- 
MACSYMA'S evolution has been steady and methodical. The 
capabilities are continuously being expanded so that the 
program size is increasing rapidly. There are many problems 
in mathematics and in physical sciences to which MACSYMA has 
not been applied. For these reasons, it is impossible for one 
person to fully understand all of MACSYMA's capabilities. To 
the novice user, MACSYMA is somewhat of a "black box" that 
miraculously returns answers to complicated problems in math- 
ematics. 
In this study, MACSYMA was used to solve the simul- 
taneous equations of boundary conditions in order to specify 
the functions that describe the normal modes of vibration of 
the elastically restrained beam. This is the most difficult 
part of the solution. It is assumed that this difficulty is 
the reason no publisned material on the use of these beam 
functions in plate vibrations was found. Although the deriv- 
ation of the functions is difficult, it is not impossible to 
derive these functions by hand. In fact, they were derived by 
hand in oraer to assess that part of the contribution from 
. . -  . . ,  
. . ,.. . . . ,. 
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MACSYMA. The s o l u t i o n ,  when d o n e  by  h a n d ,  c o m p r i s e d  1 4  p a g e s .  
Care wa's t a k e n  t o  a v o i d  m i s t a k e s  ( s i g n  errors a r e  a s p e c i a l t y )  
so t h a t  w i t h  s i m p l i f i c a t i o n s  a n d  v e r i f i c a t i o n ,  the s o l u t i o n  t o  
cqet t h e  beam f u n c t i o n s  t o o k  a p p r o x i m a t e l y  2 5  h o u r s .  When 
MACSYMA was a p p l i e d ,  t h e  m o s t  t i m e  w a s  s p e n t  o n  p rob lem s e t u p .  
Once t h e  i n p u t  o f  t h e  boundary  e q u a t i o n s  w a s  d o n e  a n d  t h e  
g e n e r a l  e x p r e s s i o n s  f o r  t n e  beam f u n c t i o n s  were s u b s t i t u t e d  
i n t o  t h o s e  e q u a t i o n s ,  MACSYMA r e t u r n e d  t h e ,  c o m p l e t e d  s o l u t i o n  
for c o e f f i c i e n t s  a n d  t h e  t r a n s c e n d e n t a l  e q u a t i o n  t o  a e t e r m i n e  
t h e  a r g u m e n t ,  a l p h ( m ) ,  i n  a b o u t  f i v e  m i n u t e s .  I n d e e d ,  t h e  
e x p r e s s i o n s  g i v e n  by  MACSYMA b e f o r e  s i m p l i f i c a t i o n  were 
f a  i r 1 y compact  and p r o g r  ammabl e. 
MACSYMA w a s  a l s o  u s e d  t o  p e r f o r m  a l l  i n t e g r a t i o n  
n e c e s s a r y  t o  f o r m  t h e  R a y l e i g h  q u o t i e n t  a n d  t h e  work of t h e  
p r e s s u r e  load on  t h e  p la te .  The e x p r e s s i o n s  f r o m  e q u a t i o n s  
( 2 2 )  t h r o u g h  (26) f o r  d i s p l a c e m e n t  and. s t r a i n  were der ived  
c o m p l e t e l y  o n  t h e  c o m p u t e r .  The e n t i r e  a n a l y t i c a l  s o l u t i o n  
was d o n e  u s i n g  MACSYMA. 
O n c e  e x p r e s s i o n s  were s i m p l i f i e d  t o  t h e  a e s i r e d  d e q r e e ,  
t h e  F o r t r a n  code was g e n e r a t e d .  F o r t r a n  r o u t i n e s  were w r i t t e n  
a n d  debugged a s  t h e  s o l u t i o n  d e r i v a t i o n  p r o g r e s s e d .  Wnen t h e  
s o l u t i o n  f o r  t h e  c o e f f i c i e n t s  a n d  a r q u m e n t  o f  t h e  beam f u n c -  
t i o n s  was complete, t h e  Newton-Raphson s u b r o u t i n e  was w r i t t e n  
a n d  v e r i f i e d .  The n e c e s s a r y  F o r t r a n  s u b r o u t i n e  f o r  c a l c u l a t i o n  
of t h e  i n t e g r a l  e x p r e s s i o n s  a n d  t h e  f o r m a t i o n  of t h e  R a y l e i g h  
q u o t i e n t  was w r i t t e n  o n c e  p r o g r e s s  o f e a n a l y t i c  d e r i v a t i o n  p e r - .  
m i t t e d .  F i n a l l y  t h e  e x p r e s s i o n s  for d i s p l a c e m e n t  a n d  s t r a i n  
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were dcrived a n d  t h e  r e s p o n s e  r o u t i n e  was programmed. The 
s o l u t i o n  w a s  c o m p l e t e .  The d e r i v a t i o n  a n d  programminq o f  t h e  
e n t i r e  R i t z  a l g o r i t h m  was done  on  t h e  compute r .  The major role 
of t h i s  u s e r  was t o  k e e p  track of t h e  n e c e s s a r y  steps a n d  t o  
debug  t h e  F o r t r a n  program.  
One o f  t h e  f e a t u r e s  o f  MACSYMA i s  t h e  s h a r e  d i r e c t o r y .  
The s h a r e  d i r e c t o r y  i s ,  a l i b r a r y  of special math r o u t i n e s  t h a t  
were w r i t t e n  by  MACSYMA users a n d  incorporated i n t o  t h e  s o f t -  
ware fo r  g e n e r a l  u s e .  A s  more p h y s i c i s t s  a n d  e n g i n e e r s  become 
aware of s y m b o l i c  m a n i p u l a t i o n  s y s t e m s ,  tnese s h a r e  direc- 
tor ies  w i l l  b e g i n  t o  b r a n c h  o u t .  G e n e r a l  s o l u t i o n  a l g o r i t h m s  
t o  p r o b l e m s  i n  t h e  p h y s i c a l  s c i e n c e s  w i l l  become avai lable .  
For  e x a m p l e ,  t h e  R i t z  p r o c e d u r e  f o r  p l a t e  v i b r a t i o n s  m i g h t  be 
i n c o r p o r a t e d  i n t o  t h e  sys t em.  The  i n t e r a c t i v e  u s e r  w i l l  i n p u t  
t h e  f u n c t i o n s  a n d  s p e c i f y  t h e  b o u n d a r y  c o n d i t i o n s .  The s o f t -  
ware w i l l  g r i n d  o u t  t h e  n e c e s s a r y  e x p r e s s i o n s  a n d  r e t u r n  a 
c o m p l e t e  s o l u t i o n  f o r  n a t u r a l  f r e q u e n c i e s .  A t  t h e  t o u c h  o f  a 
b u t t o n ,  t h e  F o r t r a n  code is g i v e n  a n d  n u m e r i c a l  evaluations 
b e g i n .  Of c o u r s e  t h i s  is a n  over s i m p l i f i c a t i o n  b u t  it is  n o t  
a n  u n r e a l i s t i c  concept, 
NASTHAN, l i k e  MACSYMA, i s  a large s o f t w a r e  p a c k a g e  t h a t  
n o  o n e  u s e r  c a n  c o m p l e t e l y  q r a s p .  I t  is  t h e r e f o r e  a l so  a " b l a c k  
box" s y s t e m .  The u s e r  must  be s u r e  t o  f o l l o w  t h e  r u l e s  a n d  
format t h e  i n p u t  c o r r e c t l y  i n  order t o  p r o p e r l y  model t h e  prob- 
l e m .  The r e s u l t s  of Lable  (6) were n o t  c o r r e c t e d  i n  t h i s  manu- 
s c r ip t  s i n c e  t h e y  s e r v e  as  a n  example. I n  t h e  l o n g  f o r m a t t e d  
i n p u t  l i s t i n g ,  a s i n g l e  d i g i t  caused e r r o n e o u s  r e s u l t s .  
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O n e  o f  t h e  p r o b l e m s  e n c o u n t e r e d  i n  t h e  c o u r s e  o f  t h i s  
s t u d y  was t h e  l e n g t h  o f  t i m e  r e q u i r e d  a n d  amount o f  s t o r a g e  
needed by NASTRAN. T y p i c a l  r u n s  of NASTRAN, whicn  r e q u i r e d  t h e  
l o a d i n g  o f  t h e  1 5  m o a u l e s  t h a t  comprise t h e  e x t e n s i v e  p a c k a g e ,  
u s e d  a b o u t  f i v e  m i n u t e s  of  CPU t i m e  o n  t h e  Cyber  1 7 5  s y s t e m .  
I n  one i n s t a n c e ,  t h e  number o f  d e g r e e s  or' f r e e d o m  on t h e  p l a t e  
were i n c r e a s e d  n i n e - f o l d .  T h a t  i s ,  t h e  number of  e l e m e n t s  was 
i n c r e a s e d  t o  c h e c k  f r e q u e n c y  c o n v e r g e n c e .  T h e  required CPU 
t i m e  w a s  l i k e w i s e  i n c r e a s e d  n i n e - f o l d .  S i n c e  t h e  NASTRAN r u n s  
were made on  a t i m e  s h a r e  compute r  s y s t e m ,  g e n e r a t i n g  r e s u l t s  
was o f t e n  f r u s t r a t i n g  a n d  a l w a y s  t i m e  consuming.  Runs w e r e  
r e q u i r e d  t o  d e t e r m i n e  n a t u r a l  f r e q u e n c i e s  a n d  a g a i n  t o  a p p l y  
a n  h a r m o n i c  load a t  t h e  f u n d a m e n t a l  f r e q u e n c y .  A s  a r e s u l t ,  
NASTRAN d i d  n o t  l end  i t s e l f  c o n v e n i e n t l y  t o  t h e  p a r a m e t r i c  
a n d  r e s p o n s e  a n a l y s e s  of t h i s  s t u d y .  
An a d v a n t a g e  o f  NASTRAN i s  t h a t  it c a n  a n a l y z e  complex  
problems. The f i n i t e  e l e m e n t  method provides  a means t o  e x a m i n e  
p r o b l e m s  where  n o  a n a l y t i c a l  method is a v a i l a b l e .  The c a p a b i l -  
i t i e s  of NASTRAN a re  e x t e n s i v e  b u t  t h e y  h a v e  a l i m i t .  F i n i t e  
c l e m e n t  f o r m u l a t i o n s  t o  p r o b l e m s  t h a t  NASTRAN c a n  n o t  p r e s e n t l y  
h a n d l e  a r e  b e i n g  d e r i v e d  by r e s e a r c h e r s  e v e r y d a y .  I t  i s  o n l y  a 
m a t t e r  o f  t i m e  t h a t  t h e s e  s o l u t i o n s  w i l l  be i n c o r p o r a t e d  i n t o  
s o f t w a r e  p a c k a g e s  s u c h  a s  NASTRANo 
A small  f r a c t i o n  o f  t h e  c a p a b i l i t i e s  o f  b o t h  MACSYMA 
and NASTRAN were r e q u i r e d  f o r  t h e  a n a l y s i s  o f  t h i s  s t u d y .  
T h e r e f o r e ,  t h i s  u s e r  must  be c o n s i d e r e d  a n o v i c e  o n  b o t h  
s y s t e m s .  The work d i d  serve a s  a good i n t r o d u c t i o n  t o  t h e  
~ " .  
available software. This introduction instilled an appreciation 
and respect for the capabilities of MACSYMA and NASTRAN that 
allows the following conclusions. 
Any engineer that is involved in complicated derivations 
of solution should become aware of symbolic manipulation 
systems and consider their use. The time saving alone is a 
valuable asset. These systems also eliminate the chances of 
mistake that accompany long algebraic and calculus related 
manipulations. From the point of view of this user, computer 
aided mathematics is tremendously powerful tool for the 
engineer. 
Finite element software has come of age. The capab- 
ilities of the available packages are always increasing. Even 
for problems where analytical so'lutions exist and are used, 
a finite element solution is a valid approach to check results 
or compare with experimental data. 
- 
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APPENDIX A 
N o t a t i o n  
\ 
I t  is n o t e a  h e r e  t h a t  MACSYMA does n o t  r e c o g n i z e  G r e e k  
n o m e n c l a t u r e .  T h e r e f o r e , ,  e n g l i s h  a b b r e v i a t i o n s  w e r e  used f o r  
those c h a r a c t e r s  i n  a l l  MACSYMA d i s p l a y s  c o n t a i n e d  i n  t h i s  
m a n u s c r i p t .  Also, MACSYMA does n o t  al low t h e  u s e  o f  u p p e r  
and lower case c h a r a c t e r s  s i m u l t a n e o u s l y  so t h a t  a l l  MACSYMA 
displays are  i n  lower case. For these r e a s o n s ,  t h e  n o t a t i o n  
l i s t  be low is expanded  t o  i n c l u d e  t h e  MACSYMA n o t a t i o n  u s e d .  
The MACSYMA n o t a t i o n s  are enclosed i n  brackets ’[I0. 
X I Y I Z  C o o r i d i n a t e  d i r e c t i o n s .  
a , b  L e n g t h  ( x  d i r e c t i o n )  a n d  w i d t h  ( y  d i r e c t i o n )  
of t h e  p l a t e ,  r e s p e c t i v e l y .  
h T h i c k n e s s  ( z  d i r e c t i o n )  of the plate. 
t Time. 
w, f R a d i a n  and c y c l i c  f r e q u e n c i e s ,  r e s p e c t i v e l y .  
I n f m n l  
D e n s i t y  ( m a s s / u n i t  v o l u m e ) .  
Damping c o e f i c i e n t  a n d  % c r i t i ca l  damping  
c o e f i c i e n t ,  r e s p e c t i v e l y .  
p * [ p r I  Poisson  “s  r a t io .  
D ,  [ d l  Flexural. s t i f f n e s s  c o n s t a n t ,  D = E h 3 / 1 2 ( 1 - p 2 )  , 
where  E=:Young’s Modulus.  
w ( x , y , t )  T r a n s v e r s e  d i s p l a c e m e n t  ( z  d i r e c t i o n )  w h e r e  
W ( x , y )  is s e p e r a t e d  s p a t i a l  v a r i a t i o n .  
v , 'r 
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Normal ly  i n c i d e n t  p r e s s u r e  o n  p l a t e  s u r f a c e  
where  P ( X , Y )  = P i s  u n i f o r m  s p a t i a l  v a r i a t i o n  
o v e r  t h e  s u r f a c e .  
P o t e n t i a l  o r  s t r a i n  e n e r g y  a n d  k i n e t i c  e n e r g y  
of  t n e  p l a t e ,  r e s p e c t i v e l y .  V is 'associaced 
w i t n  e l a s t i c  e n e r g y  i n  t h e  p l a t e  a n d  b o u n d a r y  
s p r  i n q s .  
Q Work done  o n  t h e  p l a t e  by p r e s s u r e ,  p ( x , y , t ) .  
X m ( x ) , Y n ( y )  
[ x ( m ) ,  x m ( x ) ]  c h o s e n  fo r  t r a n s v e r s e  d i s p l a c e m e n t  v a r i a t i o n ,  
[y(n), y n ( y ) l  W ( X , Y ) .  
B e a m  f u n c t i o n s  i n  r e s p e c t i v e  x a n d  y d i r e c t i o n s  
[ a ( m , n )  I "m n 
[ g ( m T , c T m )  , d ( m )  1 
E,,F , G  f u n c t i o n s  r e p r e s e n t i n g  W ( x , y ) .  
[ e ( n l ' , f Y ' n ) , g ( n ) ~  
Ampl i tude  c o e f i c i e n t s  f o u n d  i n  beam B r C  ID 
( a l p h ( r n ) ]  C h a r a c t e r i s t i c  v a l u e s  f o u n d  i n  t h e  a r g u m e n t s  
[ b e t ( n ) ]  o f  beam f u n c t i o n s .  am' 
R o t a t i o n a l  a n d  t r a n s v e r s e  t r a n s l a t i o n a l  
P * '  
R i  ,Ki 
[ r i , k i ]  r e s t r a i n t  v a l u e s s  r e s p e c t i v e l y .  
r I i , m I  I n d i c e s ,  ( p o s i t i v e  i n t e g e r s ) .  
n , e I q  
cT* E Stress a n d  s t r a i n ,  r e s p e c t i v e l y .  
[ C C , S S , C ~ C ~  
s h s h  , c s , c c h  I n t e g r a l s  d e f i n e d  i n  Appendix  C .  
c s h , s c h , s s h  
c h s h  1 
, [ xhm , x jm , xkm 
x l m , x o s q , x a s q  I n t e g r a l s  o f  beam f u n c t i o n s  d e f i n e d  i n  
xposq ,  x p a s q  Appendix C. 
xqm 1 
[%e, % p i 1  E u l e r  c o n s t a n t ,  e=2 .17182818 a n d  
n = 3 . 1 4 1 5 9 2 6 5 ,  r e s p e c t i v e l y .  R e c o g n i z e d  
by MACSYMA as g i v e n .  
B iha rmon ic  d i f f e r e n t i a l  o p e r a t o r  d e f i n e d  a s ,  
a4 +2 a 4  + a 4  
a x 4  d , z , 2  a Y4 
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APPENDIX B 
. D e r i v a t i o n  o f  Beam F u n c t i o n s  
The e q u a t i o n s  d e f i n i n g  t h e  e las t ic  b o u n d a r y  c o n d i t i o n s  
t h a t  t h e  assumed d i s p l a c e m e n t  f u n c t i o n ,  W(x,y)  mus t  s a t i s f y  
were g i v e n  i n  e q u a t i o n s  (6’, 7 ‘ ) .  T h e s e  e q u a t i o n s  may be 
s e p e r a t e d  so t h a t  Xm(x1i must  s a t i . s f y  e q u a t i o n s  ( 6 A ’ ,  6B’ 
7 A ‘ ,  7 8 ’ )  a n d  Y n ( y )  mus t  s a t i s f y  e q u a t i o n s  (6C’, 6D‘, 7C’, 
7 D ’ ) .  Once t h e  c o e f f i c i e n t s ,  (B, C ,  D) a n d  a rgumen t ,  a l p h ( m ) ,  
o f  Xm are o b t a i n e d ,  t h e  c o r r e s p o n d i n g  c o e f f i c i e n t s ,  (E, F, 
G) a n d  a r g u m e n t ,  b e t ( n : l ,  o f  Yn c a n  be d e t e r m i n e d  b y  t h e  
s u b s t i t u t i o n  described i n  c h a p t e r  2. 
R e w r i t i n g  t h e  b o u n d a r y  c o n d i t i o n  e q u a t i o n s  f o r  a n d  
u t i l i z i n g  MACSYMA w e  g e t ,  
~~ 
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Substituting the expression for given in equation ( l o ) ,  
differentiating and evaluating the appropriate equations at 
x=o and x=a, equations ( B l ,  B2, B 3 ,  8 4 )  become, 
2 2 
alph (m) b(m) sinh(alph(m1) alph ( m )  c(m) sin(alph(m1) 
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U s i n g  equations (B5, B7, 8 8 )  and solving simultaneously for 
B, C, and D, MACSYMA g ives ,  
4 3 
b(m) = ( 0  ( a  d kl alph ( m )  
(sinh(alph(m)) - sin(a1phim))) 
7 
+ a kl (k2 cos(alph(m)) - k2 cosh(alph(m)))) rl 
3 7 - d alpk (m) (sinh(alph(m1) + sin(alph(m1)) 
3 2  4 - a a alph ( m )  ( 0  k2 cosh(alph(m)) 0 k2 cos(alph(m)) 
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4 3 
c(m) = ((a d kl alph (m) 
7 
+ a kl (k2 cos(alph(m1) - k2 cosh(alph(m)))) rl 
6 - 2 a d kl k2 alph(m) sinh(alph(m)) 
3 7 
+ d alph (m) ( -  sinh(alph(m1) - sin(alph(m))) 
3 2  4 
+ a d alph (m) (k2 cosn(alph(m)) + 2 kl cosh(alph(m)) 
+ k2 cos(alph(m))] ]/denominator ( B10 1 
7 
d(m) - ( -  ( a  kl (k2 sinh(alph(m)) - k2 sin(alph(m1)) 
4 3 
+ a d alph (m9 (kl ( 0  cosh(algh(m1) - ees(alph(m))] 
3 2  4 - 2 k2 cos(alph(n1)))) rl - a d alph (m) 
(k2 sinh(alph(m) 1 + k2 sin(alph(m))) 
3 7 - d alph (m) (cos(alph(m1) - cosh(alph(m))))/denorninator 
where, 
7 
denominator = ( a  kl (k2 sinh(alph(m)) 
2 6 
- k2 sin(alph(m))) + 2 a d alph (m) sinh(alph(m1) 
4 3 
+ a d alph (m) (kl ( 0  cosh(alph(m)) - cos(alph(m))) 
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3 2  4 - 2 k2 c o s h ( a l p h ( m ) ) ) )  r l  + a d a l p h  (m) 
3 7 
4 d a l p h  (m) ( c o s h ( a l p h ( m ) )  - c o s ( a l p h ( m ) ) )  ( B 1 2 )  
E q u a t i o n  (B6)  c a n  be r e w r i t t e n  as,  
and s u b s t i t u t i o n  of e q u a t i o n s  (H9, B 1 0 ,  B 1 1 ,  8 1 2 )  i n t o  ( B 1 3 )  
r e s u l t s  i n  t h e  t r a n s c e n d e n t a l  e q u a t i o n  t h a t  is  u s e d  t o  solve 
fo r  a l p h ( m ) .  
The s o l u t i o n  of e q u a t i o n  (B13)  w a s  d o n e  n u m e r i c a l l y  b y  
Newton-Raphson method which n e c e s s i t a t e s  t h e  d e t e r m i n a t i o n  
of t h e  d e r i v a t i v e  of t h e  l e f t - h a n d  side of e q u a t i o n  (B13)  
w i t h  respect t o  a lph( .m) .  MACSYMA w a s  u s e d  for t h i s  c a l c u l a t i o n ,  
however  t h e  e x p r e s s i o n  i s  q u i t e  l o n g  and  n o t  i n c l u d e d  here. 
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APPENDIX C 
Calculation o f  B e a m  I n t e g r a l s  
The i n t e g r a l s  n e c e s s a r y  i n  t h e  c a l c u l a t i o n  of t h e  
R a y l e i g h  q u o t i e n t  f o r  n a t u r a l  f r e q u e n c i e s  a n d  s u b s e q u e n t l y  
t h e  work d o n e  on t h e  p l a t e  f o r  f o r c e d  r e s p o n s e  were g i v e n  
i n  e q u a t i o n s  ( 2 ,  3 ,  1 6 ,  1 7  and 1 9 ) .  T h e s e  i n t e g r a l s  are 
evaluated by inserting the expressions assumed for the m o d e  
d i s p l a c e m e n t  f u n c t i o n s  ( e q u a t i o n s  (10 a n d  11). S i n c e  t h e s e  
f u n c t i o n s  are separable and  similar i n  x a n d  y ,  t h e  i n t e g r a l s  
may be e v a l u a t e d  i n d e p e n d e n t l y  fo r  x a n d  similar e x p r e s s i o n s  
for y are o b t a i n e d  by  t h e  s u b s t i t u t i o n  d e s c r i b e d  i n  c h a p t e r  a .  
I n s e r t i n g  t h e  e x p r e s s i o n  f o r  ( X I  i n t o  t h e  i n t e g r a n d s  
o f  t h e  a p p r o p r i a t e  i n t e g r a l s  and  e x p a n d i n g  these i n t e g r a n d  
e x p r e s s i o n s ,  t h e  f o l l o w i n g  i n t e g r a l s  are needed .  
a 
/ 
2 a l p h ( m )  x 
1 dx 
I 
cc = f cos (--------- 
I a 
/ 
0 
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a 
/ 
f 
I a 
f 
2 alph(m1 x 
1 dx chch = I cash (--------- 
0 
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I 
In g e n e r a l ,  MACSYMA conver t s  t h e  hyperbo l i c  s i n e  and 
hyperbolic c o s i n e  ( s i n h  and c o s h )  i n t o  exponent ia l  form as  
an a i d  to i n t e g r a t i o n  by t h e  f a m i l i a r  i d e n t i t i e s ,  
U - u  U - u  
After  i n t e g r a t i o n ,  MACSYMA does n o t  recombine t h e  exponent ia l  
terms and g i v e s ,  
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, 
2 alph(m1 
, .. . ,  . . . . .  - , ~ .  , . .  .. . .. . -. . .~ . . . .  
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2 
a cosh (alph(m)) a 
chsh = --_------------- - ------'--- 
2 alph(m1 2 alph(m1 
( C 2 2 )  
By recognizing the hyperbolic terms and simplifying 
according to the identities of equations (C11 and C12) the 
exponential expressions may be reduced to, 
csh = (a/2alph(m)) (sin(alph(m))sinh(alph(m)) 
+cos(alpn(m) )cosh(alph(m) 1-11 ( C 2 6 )  
sch = (a/2alph(m)) (sin(alph(m))sinh(alph(m)) 
-cos(alph(m))cosh(alph(m))+l) ( C 2 7 )  
ssh = (a/2alph(m)) (sin(alph(m))cosh(alph(m)) 
I 
The integrals that result from the insertion of Xm(x) 
I 
are then defined as, 
B r e w e r  101 
b 
a 
/ 
t 2 
I 
/ 
xhmi = I ~m ( x )  dx 
0 (C29B 
a 
/ 2 
t 
1 
/ 
d 
( x m ( x ) ) )  dx xlm = I xm(x)  (--- 
2 
dx 
(C32)  0 
and can b e  shown to h e  given by,  
+ 2 c ( m )  cs + d.(m) d(m) chch + 2 d(m) c c h  + cc 
(C33) 
L 
xjm = ( a l p h ( m ) / a )  ( d l ( m )  d(m) shsh  - 2 d(m) s s h  
- 2 b(m) s c h  - 2 c ( m )  cs + b(m) b(m) chch 
+ 2 b(m) c ( m )  c:ch + c ( m )  c ( m )  cc) 
( C 3 4 )  
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4 
xkm = (alph(m)/a) (b(m) b(m) shsh - 2 b(m) c(m) ssh 
+ 2 b(m) d(m) shch - 2 b(m) csh + c(m) c(m) ss 
- 2 c(m) d(m) sch + 2 c(m) cs + d(m) d(m) chch 
- 2 d(m) cch + cc) 
( (235) 2 
xlm = (alph(m)/a) (b(m) b(m) shsh + 2 b(m) d(m) shch 
- c(m) c(m) ss - 2 c(m) cs + d(m) d(m) chch - cc 
(C36) 
The final necessary expressions for tshe det.ermination of 
natural frequencies arise from the elastic restraint energy 
terms of equations (16 and 17). Letting [X,(o)I2=xosq, 
[X,(a)]*=xasq, [X’m(o)]2=xposq and [X*m(a)]2=xpasq where ’ 
indicates the derivative with respect to x ,  then, 
(C371 
2 2 
xasq = b ( m )  sinh (alph(m)) 
2 2 
+ 2 b(m) cos(alph(m1) sinh(alph(n1) + c (m) s i n  (alph(m)) 
+ 2 c(m) d(m) cosh(alph(m)) sin(alph(m)) 
2 2 + 2 c(m) cos(alph(m)) sin(alpn(nt)) + d (In) cosh  (alph(rn1) 
2 
+ 2 d(ni) cos(alph(m1) cosh(alph(m1) + cos (alph(m)) (C38) 
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2 2 2 
xpasq = alph ( n i l  (d (m) sinh (alph(m)) 
2 
+ 2 c(m) d(m) cos(al.ph(m)) sinh(alpn(m)) + sin (alph(m1) 
- 2 b(m1 cosh(alph(nr)) sin(alph(m) ) 
2 2 - 2 c ( m )  cos(alph(m1 1 sin(alph(m) ) + b ( m )  cosh (alph(mj) 
2 2 2 
+ c (m) cos (alph(mli))/a 
( C 4 0  1 
Again, similar expressions may be obtained for integrals 
of Yn(y) ana it's derivatives by the substitution described 
on page 18 (chapter 211. 
The Rayleigh quotient can be formed as, 
2 
&l 
+ R1 xposq yhn + R2 xpasq yhn + R3 yposq xhm + R4 ypbsq xhm 
+ K 1  xosq yhn + K2 xasq yhn + K3 yosq xhm + Kq ybsq xhml 
= [D (xknr yhn + xlnm ykn + 2 p x l m  yln + 2 (1-p) xjm yjn) 
/ 
[ p h xhm yhn 1 
((241) 
Finally, the integration defined by equation (19) for 
the work of the uniform pressure on the plate is needed in 
order to calculate the amplitude coeficients, Amn. This 
integral can be written for Xm(x) as, 
a 
/ 
[ 
1 
xqm = I xm(x) dx 
/ 
0 
( C 4 2 )  
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and is evaluated a s ,  
~~ 
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APPENDIX D 
S o l u t i o n  f o r  C o e f i c i e n t s  of R a y l e i g h - R i t z  Series 
T h e  e q u a t i o n  used  t o  d e t e r m i n e  t h e  coef ic ien ts  ( A m n )  of 
t h e  R a y l e i g h - R i t z  series was g i v e n  i q  c h a p t e r  2 ( e q u a t i o n  
( 2 2 )  1. S u b s t i t u t i o n  of t h e  assumed d i s p l a c e m e n t  f u n c t i o n s  
( e q u a t i o n s  ( 10 a n a  l:L ) and  t h e  i n t e g r a l  e x p r e s s i o n s  f rom 
Appendix C,  e q u a t i o n  ( 2 2 )  c a n  be w r i t t e n  a s ,  
W L  
S o l v i n g  f o r  Amn, 
-P xqm yqn 
2 2 
p h a  xhm yhn ( 1  - w m n )  %n = 
w 2  
-P xqm yqn - 
p h  xhm yhn ( - w 2 )  
E q u a t i o n  (D3) i s  f o r  t h e  undamped case. Damping c a n  be 
i n c o r p o r a t e d  i n t o  t h e  s o l u t i o n  i n  t h e  form of p e r c e n t  c r i t i ca l  
damping by a d d i n g  i2@JmnU t o  (amn 2 -a2 1 i n  the d e n o m i n a t o r .  
